Quantum magnetism in two dimensions: From
semi-classical Neel order to magnetic disorder

J. Richter?, J. Schulenburg?, and A. Honedker®

! Institut fur Theoretische Physik, Otto-v on-Guericke-Universitat Magdeburg,
P.0.Box 4120, D-39016 Magdeburg, Germany
johannes.richter@physik.uni.m  agdeburg. de

2 Univ ersitatsrechenzertrum, Otto-v on-Guericke-Universitat Magdeburg, P.O.Box
4120, D-39016 Magdeburg, Germany
joerg.schulenburg@urz.uni-mag deburg.de

® Institut fur Theoretische Physik, TU Braunschweig, Mendelsohnstr. 3, D-38106
Braunschweig, Germany & Univ ersitat Hannover, Institut fer Theoretische
Physik, App elstrasse2, D-30167 Hannover, Germany
a.honecker@tu-bs.de

Published version: Chapter 2 in [Quantum Magnetisir, ed by U. Sdollwed,
J. Richter, D.J.J. Farnell, R.F. Bishop, Lecture notes in physics 645, 85-153
(Springer-Verlag, Berlin Heidelberg 2004)

Abstract:

In this article we focuson the ground state and the low-lying excitations of
the s = 1=2 Heiserberg antiferromagnet (HAFM) on the 11 two-dimensional
(2D) uniform Archimedeanlattices.

Although we know from the Mermin-Wagner theorem that thermal uc-
tuations are strong enoughto destroy magnetic long-range order (LRO) for
Heiserberg spin systemsat any nite temperature in oneand two dimensions,
the role of quantum uctuations is lessunderstood. While the ground state
of the one-dimensional(1D) quantum HAFM is not long-range ordered, the
quantum HAFM e.g.on the 2D squareand triangular lattices exhibits semi-
classical Neel like LRO. Howewer, in two dimensionsthere are many other
lattices with dierent coordination numbers and topologies, and there is no
generalstatemert concerningzero-temperature Neel-like LRO. Recen exper-
imental results on CaV40g and SrCu,(BO3), demonstrate the possibility of
non-Neel ordered ground states and signal that the s = 1=2 HAFM on 2D
lattices with appropriate topology may have a ground state without semi-
classicalLRO.

Basedon extensive large-scaleexact diagonalization studies of the ground
state and the low-lying excitations for the spin-1/2 HAFM onthe Archimedean
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lattices we compare and discussthe ground-state features of all 11 lattices.
In this manner we obtain someinsight in the in uence of lattice topology on
magnetic ordering of quantum antiferromagnets in two dimensions.From our
results we concludethat the ground state of the spin-1/2 HAFM on most of
the Archimedean lattices (in particular the four bipartite ones)turns out to
be semi-classicallyNeel-like ordered. However, we nd that the interplay of
competition of bonds(geometricfrustration and non-equivalent nearestneigh-
bor bonds) and quantum uctuations givesrise to a quantum paramagnetic
ground state without semi-classicalLRO for two lattices. The rst oneis the
famous kagome lattice, for which this statemert is well-known by numerous
studies during the last decade.Remarkably, we nd one additional lattice
among the 11 uniform Archimedean lattices, the so-calledstar lattice, with
a quantum paramagnetic ground state. For both these Archimedean lattices
the ground state is highly degeneratein the classicallimit s! 1 , although
notably their quantum ground states are fundamentally di erent.

Furthermore, we presert numerical results for the magnetization curve
of the HAFM on all 11 Archimedean lattices. The magnetization processis
discussedin somedetail for the square, triangular and kagone lattices. One
focus are plateaus appearing in the magnetization curve due to quantum uc-
tuations and geometric frustration. In particular, the kagome lattice exhibits
a rich spectrum of magnetization plateaus. Another focus are magnetization
jumps arising on the kagome and the star lattice just below the saturation
eld. These magnetization jumps may be understood analytically by using
independert local magnon excitations.

Somerelated s = 1=2 models are also discussedbrie y . Particular atten-
tion is givento the 2D Shastry-Sutherland model. For this model, we discuss
quantum phasetransitions and discussthe magnetization curve in comparison
with experiments on SrCu,(BO3),.
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1 Intro duction

The subject of quantum spin-half antiferromagnetism in two-dimensional(2D)
systemshas attracted a great deal of interest in recert times in connection
with the magnetic properties of layered cuprate high-temperature supercon-
ductors [1, 2, 3] and with the recert progressin synthesizing novel quasi-
2D magnetic materials exhibiting a spin-gap behavior like CaV4Oq [4] or
SrCuz(BO3)2 [5]. Another striking feature is the plateau structure in the
magnetization processof frustrated quasi-two-dimensional magnetic materi-
als like SrCu,(BO3), [5] or Cs,CuBr, [6] (for more details concerning the
experiments seechapter by P. Lemmensand P. Millet in this book). How-
ever, low-dimensional quantum spin systemsare of interest in their own right
as examplesof strongly interacting quantum many-body systems. Although
we know from the Mermin-Wagner theorem [7] that thermal uctuations are
strong enough to destroy magnetic long-range order (LRO) for Heiserberg
spin systemsin one and two dimensionsat any nite temperature, the role
of quantum uctuations is lessunderstood. For the magnetic ordering in the
ground state (GS) the transition from oneto two dimensionsseemso be cru-
cial. It is well known that the GS of the one-dimensionalHeiserberg quantum
antiferromagnet does not possessNeel LRO (see chapter by H.-J. Mikesla
and A.K. Kolezhuk in this book). On the other hand as a result of intensive
work in the late eighties it is now well-establishedthat the GS of the Heisen-
berg antiferromagnet on the square lattice exhibits semi-classicalNeel LRO
(seefor example the reviews[1, 2]). However, Anderson's and Fazelas' inves-
tigations [8, 9] of the triangular lattice led to the conjecture that quantum
uctuations plus frustration may be su cien t to destroy the Neel-like LRO in
two dimensions.

Besidesfrustration, there is another mecanism favoring the \melting" of
Neel ordering in the ground states of unfrustrated Heiserberg antiferromag-
nets, namely the competition of non-equivalent nearest-neighbor (NN) bonds
leading to the formation of local singlets of two (or even four) coupled spins.
By contrast to frustration, which yields competition in quantum aswell asin
classicalsystems,this type of competition is present only in quantum systems.

Several notations for the quantum phaseswithout semi-classicaNeelorder
are usedin the literature, whereone often nds the terms ‘quarntum disorder'
or “quartum spin liquid'. However, these quantum phasesmay exhibit quite
di erent complex properties. We shall prefer the notation "quartum param-
agnet' (see,e.g. [10]) to stresstheir common feature, namely the absenceof
magnetic order at T = 0.

A more specic classication of GS phasesof 2D quantum magnets
has been proposed recertly by Lhuillier, Sindzingre, Fouet and Misguich
[11,12,13,14,15]. Besidesthe semi-classicalNeellike LRO, theseauthors also
characterize three quantum GS phases,namely the so-called valence bond
crystal, the type | spin liquid and the type Il spin liquid (for more details
see[11,12,13,14,15] and also section 4.4).
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We note that quantum paramagneticphasesmay be obsenedalsoin three-
dimensional strongly frustrated quantum magnetslike the Heiserberg antifer-
romagnet on the pyrochlore lattice [16] although the tendencyto order is more
pronouncedin three than in two dimensions.

In this review we focus on the GS of the 2D isotropic Heiserberg antifer-
romagnet (HAFM)

X X
H = Jij Si§j = Jij SiXSjX + Sin]-y + SiszZ Q)

<ij > <ijj >

and consider the extreme quantum case of spin quantum number 1=2. Of
course, there is a long history of investigations of this model. Nevertheless,
much interesting new physics has been discovered in recert years. The 2D
systemsare of particular interest becausethe competition betweenquantum
uctuations and interactions seemgo be well balanced,and ne tuning of this
competition may lead to zero-temperature transitions between semi-classical
and quantum phases(seechapter by S. Satdev in this book and also section
5).
The calculation of the GS of the spin half HAFM is challenging. Besidesthe
convertional methods lik e spin-wave theory and generalquantum-many body
techniques like the coupled cluster method also new numerical methods like
quantum Monte Carlo and exact diagonalization are powerful instruments.
However, only a few of them (e.g. exact diagonalization or the coupled cluster
method) are universally applicable, whereas some methods su er from the
sign problem in frustrated systems. More details regarding analytical and
numerical methods can be found in chapters by N.B. Ivanov and D. Sen;
D.C. Cabra and P. Pujol; N. Laorencie and D. Poilblanc; D.J.J. Farnell
and R.F. Bishop. The majority of the results presenied in this chapter were
obtained by exact diagonalization using the program padage spinpack [17].

Quantum magnetismin 2D systemsis a very broad eld. To be speci ¢ and
dierent from other existing reviews we focus our discussionon the ground
state propertiesof the spin half HAFM onthe 11 uniform Archimedeanlattices
(tilings). These lattices are the prototypes of 2D arrangemeris of spins and
vary in their geometrical and topological properties. Hencethey presen an
ideal possibility for a systematic study of the interplay of lattice geometry
and magnetic interactions in 2D quantum spin systems.Many of the lattices
considered nd their realization in nature either in a pure or in a modi ed
form. Furthermore, almost all lattices can be transformed into ead other by
bond or site depletion/addition. One now has the opportunity to study GS
transitions causedby modifying the strength of somebonds[18].

With regard to other aspects of 2D quantum magnetism like e.g. nite
temperature properties we recommendamong others the Refs.[1,2,12,13,19,
20,21,22].

The plan of this review is as follows. In section 2 we describe the main
geometrical featuresof the 11 uniform Archimedeanlattices and discusstheir
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mutual relationships. In section 3 we discussseveral criteria for semi-classical
Neel like order in quantum antiferromagnets with a particular focus on the
information that can be extracted from exact diagonalization of nite lattices.
The subsequeh section 4 is dewoted to the analysis of the magnetic ground-
state ordering of the spin-half HAFM on the Archimedean lattices, where we
consider separately bipartite (section 4.1) and frustrated (sections 4.2 and
4.3) lattices. The ndings for all theselattices are comparedand summarized
in section 4.4. Readersuninterested in the detailed discussionof the partic-
ular lattices are referred to this section 4.4. In section 5 we consider brie y
quantum phasetransitions occurring in the 2D HAFM due to the interplay of
competition in the interactions and strong quantum uctuations. In the nal
section 6 we discussthe magnetization processof the spin-half HAFM on the
Archimedean lattices using the square (section 6.1), triangular (section 6.2)
and kagomne lattice (section 6.3) as main examples.We further discussexact
eigenstatesthat appear for the kagome and star lattices in section 6.4 and the
relation betweenthe Shastry-Sutherland model and SrCu,(BO3), in section
6.5.

2 Arc himedean Lattices

2.1 Characteristics and geometry

In 2D magnetism we are faced with a large number of di erent lattices with
di ering coordination numbersand topologiesand therefore we cannot expect
a generalstatemert concerningzero-temperature semi-classicaNeel-like LRO
in 2D quantum spin systems.Neverthelesswe cantry to nd somesystematics
concerningthe main geometric featuresrelevant for the magnetic ordering in
antiferromagnets.

The 11uniform Archimedeantilings (lattices) shown in Fig. 1 represer the
prototypes of 2D arrangemeris of regular polygons. The rst investigations
of 2D regular tilings go badk to JohannesKepler (Harmonice Mundi, 1619).
2D (spin) lattices are obtained from the tilings by putting sites (spins) on
ead vertex connecting neighboring polygons. The HAFM for theselattices is
obtained by assumingantiferromagnetic exchangebondsJ = 1 on ead edge
of the polygons.

The Archimedeanlattices vary in coordination number z (from 3 to 6) and
in topology (frustrated and nonfrustrated; equivalent nearest-neighbor (NN)
bonds and non-equivalent NN bonds). Therefore a systematic study of the
in uence of lattice geometry on magnetic ordering may be made.

Among them we have three 2D lattices built by a periodic arrangemert of
identical regular polygons,namely the squarelattice (T2), the triangular lat-
tice (T1) and the honeyconb lattice (T3). Other uniform tilings are obtained
by combining dierent regular polygons such as hexagonsand triangles or
hexagons,squaresand triangles with the restriction that all lattice sites are
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T1: 3% = triangular T2: 4* = square T3: 6% = honeycomb

<
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T4a: 3*.6 = maple leaf T4b: 3*:6 = maple leaf T5: 3%.4% = trellis
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T6: 32.4.3.4= SrCuBO T7: 3.4.6.4= bounce T8: 3.6.3.6 = kagome

T9: 3.12 = star T10: 4.6.12= SHD T11: 4.8 = CavO

Fig. 1. The 11 Archimedean tilings T1:::T11l. The mathematical description
ni:n2:nsz:::n, by numbersn; separated by dots corresponds to the number of ver-
tices of the polygons arranged around a vertex. The tilings T1, T2, T3, T8 are
well-known as triangular (T1), square(T2), honeycomb (T3) and kagome (T8) lat-
tices. For the other lattices no standardized names are available. For T4, T5, T6,
T10 and T11 we employ the namesmaple-leaf (T4), trellis (T5), SrCuBO or Shastry-
Sutherland (T6), SHD (i.e. square-hexagonal-dalecagonal, T10) and CaVvO (T11)
lattice previously usedin papers dealing with magnetic properties of these lattices
(see also section 4). We shall denote the tilings T7 and T9 by the names bounce
(T7) and star (T9) lattice, proposedin [24].
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equivalent and all polygons have identical edgelength. Under these geomet-
ric restrictions precisely 11 uniform Archimedeantilings are possible, where
onetiling exists in two enartiomorphic forms (left and right handed). Only
two of them, namely the squarelattice (T2), and the triangular lattice (T1)
are primitiv e lattices having only one site per geometric unit cell; all other
oneshave at least two sites per unit cell. More information can be found, for
example,in Ref. [23].

In this sectionwe will illustrate the Archimedeantilings and discusstheir
main geometricproperties. As mertioned above, they represen the prototypes
of 2D tilings, from which a large variety of 2D lattices can be derived. As a
result we obtain bipartite, i.e. non-frustrated (only even polygons,tilings T2,
T3, T10, T11) as well as non-bipartite, i.e. frustrated spin lattices (tilings
with odd polygons(triangles), i.e. T1, T4, T5, T6, T7, T8, T9). Furthermore,
we can di eren tiate betweenlattices with only equivalent NN bonds (T1, T2,
T3, T8) and lattices with non-equivalent NN bonds (T4, T5, T6, T7, T9, T10,
T11).

The degreeof geometric frustration and the coordination number are im-
portant quartities that strongly in uence the magnetic properties. In order
to give a more precise characteristics of the frustration, we use an idea pro-
posedby Kobe and coworkers[25] and considerthe GS energy of the classical
HAFM (i.e. the spins S are ordinary classical vectors of length s = 1=2).
Non-frustrated lattices (T2, T3, T10, T11) have minimal energy per bond
ES@ss=hond = 1s?. Geometric frustration leadsto unsatis ed bonds yield-
ing an increaseof classicalGS energy This increaseof energy can be usedas
a measureof frustration. The tilings with maximal frustration are the trian-
gular lattice (T1) and the kagome lattice (T8) having E§@=bond =  s?=2.
The combination of strong frustration and low coordination number z favors
strong quantum uctuations. In Fig. 2 we show the location of the lattices
in a parameter spacespannedby the coordination number z and the frustra-
tion. The suppressionof classical Neel-like LRO is most likely in the upper
left cornerin Fig. 2, whereasin the opposite region Neel ordered systemsare
expected.

2.2 Relationships between the lattices

As mertioned above, weinterpret the edgesof the polygonsasexchangebonds
which connectthe spinssitting on the vertices. In real magnetic systemsoften
we are faced with the situation that bonds may vary in strength for instance
dueto lattice distortions. Henceit is interesting to consideralsobondsvarying
in strength. In particular, a givenlattice may interpolate into another di erent
lattice asselectedbondsare forcedto read the limit J°= 0. The relationships
betweenthe Archimedeanlattices basedon removing bondsare summarizedin
Fig. 3.* A cortinuouschangeof thosebondsfrom J°= 1to J°= 0is therefore

4 It is also possibleto nd transformations between lattices by removing sites (site
depletion). That is not considered here.
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Fig. 2. Location of the Archimedeantilings in parameter spacespannedby frustra-

tion (classical GS energy per bond divided by s?, seetext) and coordination number
z.

accompaniedby a transition or a crosswer betweenthe ground states of the
related lattices. We illustrate some of these relationships between lattices in
Figs. 4 and 5.

11— 2 10

N
A

7N\

9-— 7

6

Fig. 3. Relationships (arrows) between the tilings (represerted by numbers). A
related tiling is obtained from an initial tiling by removing certain edges(bonds)
and a subsequen appropriate distortion.

Fig. 4 shows the relationships betweentriangular, squareand honeyconb
lattices. The squarelattice is obtained from the triangular lattice by omitting
the dotted bond J°° The geometricdistortion of the squarelattice obtained in
this manner is irrelevant for the HAFM becausethe interaction matrix Jj of
the distorted lattice is identical to the regular lattice.® The honeyconb lattice

® Of course, the distorted lattices obtained by removing bonds may also be trans-
formed to the regular (non-distorted) lattice by an appropriate shift of the sites.
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Fig. 4. Relationships betweentriangular (T1, left), square (T2, middle) and hon-
eycomb lattice (T3, right), seetext for details.

is then obtained from the squarelattice by omitting the dashedbonds J° (the
model with variable J%is known asthe J J°model on the squarelattice and
shows interesting quantum phasetransitions [26,27, 21]).

T3: 6° T4: 3*.6 T7: 3.4.6.4

Fig. 5. Relationships between the honeycomb (left), maple-leaf (middle) and
bounce lattice (right), seetext for details.

In Fig. 5 the relationships between the honeyconb, the maple-leaf and
the bouncelattice are showvn. Starting from the maple-leaflattice one obtains
the bounce lattice by omitting the dotted bonds Jp . Further removing the
dashed-dottedbond in the bouncelattice one obtains the star lattice (T9, not
showvn in Fig. 5). On the other hand the honeyconb lattice is obtained from



Quantum magnetism in two dimensions 11

the maple-leaflattice by removing the dashedbondsJt. Again the distortion
of the lattices is irrelevant for the HAFM.

3 Criteria for Neel lik e order

3.1 Order parameter

The de nition of the magnetic order parameter is usually related to the clas-
sical ground state (GS). Thus supposingthat in the classicalGS a spin at site
i is directed alongthe unit vector e;, we choosethe spin orientation e; aslocal
z-direction eiZO = g;j, which may in generalvary from site to site. In order to
break the rotational symmetry we add a eld to the Hamiltonian (1)

H°=H h ¢S @)

S == e85 3)

Then the order parameter for a GS spontaneously breaking the rotational
symmetry of H is de ned as

m? = lim lim hf?i; 4)
h! ONII1

where hOi meansthe expectation value of the operator O in the GS. This
de nition of the order parameter corresponds, e.g., to the order parameter
usedin spin-wave theory (SWT). Howewer, symmetry breaking is intro duced
in this caseby the Holstein-Primako transformation, which starts from a
symmetry broken classicalGS.

In order to be more speci ¢ let us considera classicalspin system having
a planar magnetic GS ordering. We choosethe z-x plane of a xed global
coordinate systemto describe the order. Then the relation betweenthe spin
SP in the local coordinate system and the spin S; in the global coordinate
systemis given by

SP= O( 1)Si = (cog i)S* sin( )S?; S sin( i)SK+ coq i)S7); (5)

where ; is the angle betweenthe local eiZO and the global z axis e*. The last
componert in (5) enters the order-parameter operator h? in (3).

The de nition of the order-parameter operator (3) yields the well-known

— zZ — | 1 2% —

orderparameterqgtheferromagnet( i=0)m?=limp oonn h (SFT =

limn o N1 Nih i Sfi (magnetization) as well as the order parameter for

the cornvertional two-sublattice Neel antiferromagnet ( i2a = 0, 28 = )
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mé = Iimh! 0; N1 Nlhp Sizoi = Iimh; 0;N!1 Nihp |S|Z| (staggered mag-
netization), where the staggeredfactor ; is ; = +1 (; = 1) for sites
belongingto sublattice A(B). The staglgeredmagnetizatior]:pan be expressed
by the sublattice magnetizationsS; = ,, Sf andS§ = ,,5 S7, we have
msZ = Nih‘s,i SZinm oni . The generalde nition (4) is also applicable for
non-collinear (canted) spin structures appearing on frustrated lattices. For
example, the classical GS of the HAFM on the triangular lattice consists of
three sublattices A, B, C with an angle of 120 betweenthe sublattice spins,
i.e. we have iap = 0, iop =2 =6>_and izc = 4 =3. Consequetly we nd
m? = LhSZ +  3S5=2 SE=2 ~ 3SX=2 S&=2ip onu . The extension
to arbitrary non-collinear spin structures is straightforw ard.

The situation is changedfor the HAFM on nite lattices consideredin nu-
merical studies becausethe GS of a nite systemcannot possesgshe sponta-
neoussymmetry breaking usedfor the in nite lattice (egs.(2) - (4)). Therefore
the squareof the order-parameteroperator (f?)? hasto be used.Furthermore,
we have to take into accourt the fact that the GS of nite antiferromagnetic
systemswith even number of sitesN is a rotationally invariant singlet state.®
Then the magnetic correlations are equally distributed over all three compo-
nents hSXS¥i = hSY'S’i = hS7Sfi. Thus, taking into accourt this symmetry,
onede nes the relevant order parameter for nite systemsas

S

1 X P——
m= ho S %= " 3(me): (6)
i
One may write this order parameter as
S S
_ 1 X 2. _ 1 X .
m = hﬁ iSi i = m ijf‘SiSjl (7)

i ]
r

3 .
mr(s/zk)2 + (S§)? 2S;SEi

for bipartite antiferromagnets and
r

3 .
m= SHSE)?+ (SE)?+ (S8)? S3SE SESE SpSE (8)

for the triangular lattice. Note that hS{Sfi = 0 was usedin the last equa-
tion. Obviously the analysis of magnetic order is then basedon the spin pair
correlation function hS; Sji. We notice that an alternativ e de nition to (4) of
the order parameter for in nite systemsusesthe asymptotic large-distance
behavior of the spin pair correlation function.

& Note that although there is a rigorous proof for the singlet character of the GS
of nite systemsonly for the HAFM on bipartite lattices [28,29], much numerical
evidence suggeststhat the same statement is true for nonbipartite frustrated
antiferromagnetic Heiserberg systems (seee.g. [30]).
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The order parameter m is widely usedfor nite lattices such as squareor
triangular lattices. Finite-size extrapolations of m yield good agreemen with
m? de ned in (4) calculated e.g. by spin-wave theory or the coupled cluster
method (seee.g.[31, 32, 33)).

However, the de nition of the order parameter given above is to someex-
tent problematic for the following reasons:(i) The de nition is biasedbecause
it supposesthe sametype of ordering in the quantum systemasin the classical
system. Investigations of spin systemswith spiral order demonstrate, that the
characteristic angles ; ertering eq. (5) may be dierent in the classicaland
quantum case[27]. (i) There are systemswith a huge non-trivial degeneracy
of the classical GS (e.g. the HAFM on T8 (kagome) and on T9 (star), see
section 4.3). The question now arises:which of the large number of degener-
ate classicalground states should be used?(iii) A signi cant problem is also
posedif the classicalGS is not known.

We therefore use a universal de nition of the order parameter, given by

r O 1 1=2

. M+ )2 1 X
m= MX-0l” pssiA ©
iij

which avoids the problems listed above. For bipartite systemsthis de nition
is identical to the staggeredmagnetization m de ned in (7). For spin systems
with noncollinear GSshoth de nitions m and m* are not identical, although
there is a relation betweenthem. For instance, we have in the classicallimit
(Mass)® = 3(Maiass)? for the HAFM on the triangular lattice. Note that this
relation remainsvalid alsofor the singlet GS of the quantum spin-1/2 HAFM
on the triangular lattice.

Finally, we mention that the universality of the de nition (9) of the order
parameter may lead to a certain lossof distinction betweendi erent typesof
ordering and for the detection of the type of order an additional inspection of
the spin-spin correlation function is necessary

3.2 Mechanism of symmetry breaking - the Pisa tower of
quasi-degenerate joint states (QDJS)

As pointed out already by P.W. Anderson [34] the spontaneous symmetry
breaking in semi-classicallyNeel ordered antiferromagnets at the thermody-
namic limit is revealedin the spectrum of a nite system.This idea hasbeen
picked-up in seweral papers [31, 35, 36, 37, 38, 39,40, 41, 42,43, 44, 45] dealing
with two-dimensionalquantum antiferromagnetism.

In thelimit N ! 1 awholesetof non-rotationally invariant excited states
collapsesonto the true GS (e.g.the semi-classicatwo-sublattice Neelstate for
the HAFM on a bipartite lattice). Therefore a large amount of information
on possible Neel like LRO is contained in the spectrum of HAFM on nite
lattices. There are extensive systematic studies for HAFM on the square,
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triangular and kagome lattice [31, 36,37, 38,39, 42] and somerecert reviews
by Lhuillier, Sindzingre, Fouet and Misguich [11,12,13, 14, 15]. We follow the
lines of their studies and illustrate somemain features using the HAFM on
the squarelattice asan example.

‘02 T T T T T T/ T
q -0.35 Jra i
0.22 % R
04 i
-0.24 - & 4
o] [
5 -0.45 ]
-0.26 £ 5 4z X
: % : a u o5 ” "
0.28 1° & H
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Fig. 6. HAFM on the square lattice
a: Low-energy spectrum for N = 32 (the inset shows the k points in the Brillouin
zone). b: Energy of the QDJS versusS(S + 1) for various system sizesN .

For a systemwith two-suBIa_ttice NeelLRO in the GS the low-energy part
of the spectrum up to S N is roughly described by the dynamics of a
quantum top, i.e. the e ectiv e low-energy Hamiltonian reads

S? S(S+1
He ' Eo+ 2N 0+Hmagnons ! Emin(S)' EO"‘%

with Eo asthe GS energy o as uniform susceptibility and S? as the square
of total spin, cf. Fig. 6. The inverse 'momert of inertia' ﬁ vanishesin the
thermodynamic limit (seeFig. 7b) and thereforethe so-calledquasi-degenerate
joint states (QDJS) described by (10) collapseto the symmetry broken Neel
state in the thermodynamic limit. In caseof more complexNeelorder e.g.with
three sublattices asfor the HAFM on the triangular lattice the basic features
of the low-energy Hamiltonian as given in eq. (10) are maintained but the
momert of inertia then contains both in-plane and out-of-plane susceptibili-
ties. Also the number of the QDJS for a given total spin S depends on the

+ Emagnons (10)
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number of sublatticesin the Neelstate. There is only one QDJS in ead sector
of S for the two-sublattice HAFM, but e.g.Ns = min(2S+ 1;N=2 S+ 1)
QDJS for a three-sublattice Neel state such as in the triangular lattice [37].
Furthermore, the translational symmetry of the QDJS dependson the relation
betweenthe translational symmetry of the Neel state and of the lattice. For
instance, the sizeof the magnetic unit cell for the Neelordered square-lattice
(triangular-lattice) HAFM is twice (three times) aslarge asthe geometricunit
cell. Consequetly, the QDJS belongto k-vectorsQ; = (0;0) and Q2 = ( ; )
(Q1=(0;0) and Q3 = (+4 =3;0), Q, = ( 4 =3;0)) of lattice translational
symmetry with Q, (Q; and Q,) mapping on the certer of the magnetic
Brillouin zone.However, only Q = (0; 0) appearsfor the QDJS for the honey-
comb lattice which hastwo atoms in the geometric unit cell aswell asin the
magnetic unit cell.

Indeed, a linear relation between the lowest eigervalues Eni, (S) and
S(S + 1) and a similar relation for the family of magnon excitations has
been obsened for the HAFM on the 2D square lattice [35], the honeyconb
lattice [42] aswell asfor the triangular-lattice HAFM [37]. We show in Fig. 6a
the low-energy spectrum for the HAFM on the square lattice with N = 32
sitesin more detail.

According to (1(2) the collapsing QDJS follow in the energyS(S + 1) dia-
gramfor smallS . ~ N in good approximation a straight line with increasing
inclination (with decreasingslope), seeFig. 6b, and are sometimescalled the
Pisa tower of states. The strong deviation from this linear relation has been
used as one argumert for the absenceof semi-classicalLRO for the HAFM
on the kagome lattice [38]. A similar argumentation has beenusedin [40] for
the J;  J, square-lattice HAFM and in [41] for the HAFM on the fractal
Sierpinski gaslet.

Well separatedabove the family of QDJS a secondfamily of levels exists
describing the magnon excitations typical for a HAFM with Neel ordering.
This family represens the “softest magnons', i.e. magnonsof energy@%n =
Cjkmin j With c as lowest spin-wave velocity and jKmin j Ll (L= N) as
smallest nite wave vector (related to the wave vector Q of the corresponding
QDJS) allowed by the periodic boundary conditions of the nite lattice. The
energy of these magnonsalso collapses,however, with

C
EM ' p— 11
min N ( )

much slower than Enmin (S) / Ni from eq. (10). This scaling behavior of the
QDJS and of the softest magnonsis shown in Fig. 7a, where the logarithmic
scalein this gure makesit obvious that the slope of the Eo(S = 1) Ep-
curve belongingto the QDJS is about twice aslarge asthe slope of the E1(S =
1) Ep-curve belongingto the softest magnons.

Finally we want to emphasizetwo special aspects of the spectrum of semi-
classically Neel ordered HAFMs. The rst oneis the so-calledspin gap, i.e.
the gap = Eo(S = 1) Eo(S = 0) betweenthe rst triplet excitation



E-E,

16 Richter, Schulenburg, and Honecker

4 C T T T ] 0.6 T T T
N: 4032 2016 ] 4
°o®® 05 1
2r o g o
_e® k=
Q
S 04 F J
1 ©
=
g 03¢t .
o
0.5 IS g
3 02t .
=
0.25 k=
0.1 r 1
Eo(Szl)'Eo @]
0125 + Ei(S=1)-Ep @ 0 40 24 18
0.025  0.05 0.1 0 0.02 004 0.06
1N 1N
a b

Fig. 7. HAFM on the square lattice
a: Finite-size scaling of lowest excitations (double logarithmic scale). b: Finite-size
scaling of inversemoment of inertia.

and the singlet GS. According to egs.(10) and (11) this gap vanishesin the
thermodynamic limit for a Neelordered GS. Note that eq. (11) is related to
the existenceof gaplessGoldstone modes. However, a non-vanishing spin gap
for N ! 1 is an indication for a quantum paramagnetic GS. The second
aspect is that the singlet GS is unique and the lowest singlet excitation above
the GSis well separatedfrom it in a nite system(seeFig. 6a). The rst triplet

excitation above the rotationally invariant singlet GS generally is the lowest
excitation at all. Therefore the existenceof low-lying singlets deepwithin the
spin gap also can be understood as an indication for a non-Neel ordered GS.

3.3 Finite-size scaling

E ectiv econtinuum eld-theory studiesaswell asspin-wave theory and quan-
tum Monte Carlo (QMC) calculations have led to detailed predictions for the
low-energy physics and the nite-size scaling of Neel ordered quantum anti-
ferromagnetsin two dimensions[35, 44,45, 46,47], which we will usebelow in
egs.(12), (13) and (14). As already discussedin the last section the inverse
‘momert of inertia' is obtained from the QDJS and so the spin gap scalesin
leading order with 1=N, seeeq. (10). Howevwer, for nite-lattice sizesaccessi-
ble in exact diagonalization the asymptotic behavior is often not reached and
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boundary e ects areimportant. Hence,the extrapolationto N ! 1 possesses
someuncertainty. According to Refs.[35,44,45,46,47] the GS energy per site
e = £¢ for a semi-classicalNeel state scalesas

A
eo(L) = Ao+ T3+ O(L ¥ (12)
where L = N2 is the linear size of the lattice, Ag = ey(1 ) and Az is
proportional to the spin-wave velocity c. For the order parameter m* we use

m* (L) = Bo + %+ oL ? (13)

whereBo = m* (1 ). For the spingap  we apply

(L)=Go+ 2+ 0(L 3 (14)

whereGp = (1 ). In casethat there are many appropriate nite lattices with
N 36 the large number of data points leadsto reliable extrapolation to the
thermodynamic limit [32,33]. On the other hand, for systemswith only a few
appropriate nite lattices the extrapolation is much stronger in uenced by
the boundary e ects and the extrapolated results exhibit a larger uncertainty.
Furthermore, only the leading terms in (12), (13), (14) can be usedin case
of a small number of data points. Particular problems may arise for the spin
gap: (i) Boundary e ects are preser in both Eq and E; leading to a larger
errorin E;  Eo. (ii) As discussedn the last sectionthe rst triplet excitation
belongsto the QDJS with a de nite symmetry. However, it may appear that
this symmetry is not presen in a certain nite lattice, i.e. the calculated rst
excitation belongsto another symmetry and consequetly it hashigher energy
leading to an overestimation of the gap. Therefore the extrapolation of the
gap will not be a main focus of our discussionof the ordering of the HAFM
on the Archimedeantilings in section 4.

We useonly the leading terms evenin casethat the number of data points
would allow a scalingincluding next-to-leading term in order to have the same
systematicsfor all the 11 Archimedeantilings in the comparative discussion
given below. By way of illustration we comparethe results obtained by both
variants of extrapolation for the square lattice (for a comparison with data
available in literature, seesection 4.1):

GS energy per site: Eg=N =  0:6701 (leading term only); Eo=N =
0:6685 (next-to-leading term included);
singlet-triplet gap: = 0:0605 (leading term only); = 0:0247 (next-to-

leading term included);
order parameter: m* = 0:3173 (leading term only); m* = 0:3235 (next-
to-leading term included).

For the extrapolation altogether 12 nite square lattices from N = 18 to
N = 40 are used. The consideration of the next-to-leading terms changesthe
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energyby lessthan 0.2%and the order parameter by lessthan 2%. The values
for the extrapolated gap can be understood as a measureof the accuracy of
the extrapolation, since we know that the excitations about a Neel ordered
GS becomegaplessfor N I 1.

Finally, we mertion that the nite-size scaling for systemswith a critical
GS or with a GS having only short-range spin pair correlations hS; S;i can be
di erent from the above given relations. The concreterelations may depend
on details of GS correlations. Neverthelessone aspect shall be noted: due to
the absenceof long-rangecorrelationsin hS; ;i the nite-size e ects should be
weaker for the GS energy As a simple examplewe can considera HAFM with
a valence-lond GS as realized for the Shastry-Sutherland model for stronger
frustration (seesection5). The GS energy per site is completely independert
of N in this case.

4 Magnetic ground-state ordering for the spin half
HAFM on the Arc himedean lattices

In this sectionwe present and discussresults obtained by exact diagonalization
for the 11 Archimedeanlattices. For someof these lattices such studies have
not beenperformed sofar or the preseried results go beyond the systemsizes
published until now. If available we also discussresults obtained by other
methods to get a reliable picture on the magnetic ordering. From our results
we concludethat three categoriesof ground state ordering appear: Collinear
two-sublattice Neel long-range order (LRO), non-collinear (multi-sublattice
Neel or spiral) LRO and quantum paramagnetic ground states without LRO
in the spin pair correlation hS;S;i.

At rst we considerin sections4.1, 4.2 and 4.3 ead lattice separatelyand
presert results for the GS energy the spin gap and the order parameter as
well asthe spectrum. In a secondstep we summarizeand comparein section
4.4 the magnetic ordering on the various Archimedean lattices. We refer the
readerwho is not interestedin the detailed discussionof the individual lattices
to section4.4.

4.1 Semi-classical N eel ordering on bipartite lattices

The classical GS for bipartite lattices is the perfect Neel state having a GS
energyper bond E§®S=bond= s? = 0:25and an order parameter my,., =
s = 0:5. Howewer, this classicalorder is very sensitive to uctuations. Indeed
the 1D HAFM doesnot exhibit Neel LRO. For the 2D HAFM we know from
the Mermin-Wagnertheorem[7] that at arbitrarily small nite temperaturesT
the thermal uctuations are strong enoughto destroy the NeelLRO. However,
it was for a long time an open question whether also quantum uctuations
are able to destroy Neel LRO in 2D at absolute zero. Each 2D lattice needs

its individual consideration becausethe strength of quantum uctuations can
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vary from lattice to lattice. Stronger quantum uctuations appear in lattices
with low coordination number z and in lattices with non-equivalent NN bonds.
Although this non-equivalency of NN bondsis irrelevant for classicalbipartite
HAFM it leadsto a competition betweenthe bondsin quantum models. This
quantum competition favors local singlet formation weakening that way Neel
ordering (see,e.g.[27,48] and section 5).

The square lattice (T2)

Starting from P.W. Anderson's pioneeringwork [34], the spin half HAFM on
the square lattice has been studied over many decades.There are some ex-
cellert reviews [1, 2, 3] which can be usedto get more detailed information
on this work. Although till now there is no rigorous proof for the existence
of Neel LRO after intensive studies over many decadesit becameclear in
the late eighties that there is no doubt of semi-classicalNeel LRO at absolute
zero. The quantum uctuations lead to a substartial renormalization of the
order parameter (sublattice magnetization), which amounts to about 60% of
the classicalvalue. Experimentally there are somelayered antiferromagnetic
inorganic materials like the parent compound La,CuQ4 for high-T. supercon-
ductors or Sr,CuO,Cl; [2,19,53] but also organic compounds [54] which are
well described by the (quasi-)2D HAFM on the squarelattice.

The spin half HAFM on the squarelattice can serveasthe canonicalexam-
ple for a quantum HAFM on a 2D bipartite lattice. Already about ten years
agoSdulz and coworkers[55] published large-scaleexact diagonalization stud-
ies for the GS of systemsup to N = 36. Recenlly Betts and coworkers [33]
have presentied a systematic study of a complete set of all nite squarelat-
ticesup to N = 32. In particular, one nds in [33] a guideline how to nd
systematically the so-calledde ning edgevectorin nite lattices for arbitrary
dimension and type of lattice. We usethis schemeto generatethe nite lat-
tices discussedbelow. We have recalculated and extended Schulz' and Betts'
results for systemsup to N = 40 sites including the results for the low-lying
excitations. We have preseried someof our results already in sections3.2 and
3.3

The classical GS breaks the translational symmetry of the lattice. The
magnetic unit cell is twice aslarge asthe geometricone.On a nite bipartite
lattice the quantum GS is a rotationally invariant singlet state (Lieb-Mattis
theorem [29]). As can be seenfrom Fig. 6a there is one QDJS in ead sector
S (cf. section 3.2) and the translational symmetry of the QDJS alternates
betweenQg = (0;0) and Q; = ( ; ). Note that Qg and Q1 are dierent in
the geometric but they coincide in the magnetic Brillouin zone.The energies
of the QDJS are well described by Eg + S(S + 1)=2N o, seeeq. (10). The

" We mention that the existence of Neel LRO was proven for the HAFM with
S 1[49,50] and for the spin half anisotropic X X Z antiferromagnet [51,52] on
the square lattice.
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Fig. 8. Energy of the one-magnon excitations ¢ = Eo(k;S = 1) Eo(S = 0)
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(LSWT) and higher-order spin-wave theory (SWT1) [56], the points are exact data
for nite lattices of size N = 16, 18, 32 und 36. The inset in the right part of the
gure shows the path through the Brillouin zone.

family of one-magnonstatesis well separatedfrom the QDJS. Their energies
follow the dispersion relation obtained by spin-wave theory, seeFig. 8. The
lowest singlet excitation is signi cantly abovethe rst triplet excitation.

The GS energy the rst excitation and the squareof the order parameter
for the largest lattices with N = 38 and N = 40 and for comparison for
N = 36 are given in table 1. Furthermore, we present for the rst time all
spin-spin correlations for N = 40 in table 2. It is obvious that the decay of
the spin-spin correlations is weak.

Table 1. Ground-state energy Eo (singlet), singlet-triplet gap (spin gap) =
Eo(S= 1) E, and square of the order parameter m?  (m*)?2 of the HAFM on
nite square lattices with N = 38, N = 40 and N = 36 sites (the results for N = 36
are in agreemen with those of [55]). (l11;l12) and (l21;122) are the components of
the two edgevectors de ning the nite 2D lattice.

2
Nl 12 121 |22|Eo | |m

36) 6 0 O 6| 24:43939740.2875380.20983715
38/ 1 7 5 3| 2576079250.2727910.20751801
400 2 6 6 2| 27:09485030.2616230.20361937

Altogether 12 nite squarelattices from N = 18to N = 40 are used for
the extrapolation of the GS energyand the order parameterto in nite N (see



Table 2.

vectors R = (3;1) and (3;

Ground-state spin-spin correlations hS§S3i
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$hSoSri for all lattice
vectors R of the HAFM on a square lattice with N = 40 sites. Note that due to the
reduced symmetry of the nite lattice we have slightly dierent values for lattice

1) aswell asfor R = (1;2) and (1; 2).

R (0;0) (0;1) ;1) (0;2) (1; 2 (1;2)
hS3SZi  |0.250000 | 0:112895 [0.069066 |0.061711 | 0:059679 | 0:059055

R (2;2) (0;3) (3;1) |38, 1) (3; 2 4, 2)
hSZSZi  |0.053826 | 0:055663 [0.054700 [0.052344 | 0:052074 | 0.050275

Figs. 20a and 21a). We compare our results with some corresponding data
obtained by other means:

GS energy per bond: our result: Ep=bond =
[56): Eo=bond = s?

0:3350; high-order SWT
0:15794& 0:006237+ 0:0000108&s= 0:335233;
QMC [47]: Eg=bond = 0:334719;coupled cluster method (CCM) [57]:
Eo=bond = 0:3349;seriesexpansion[58]: Eo=bond = 0:3347; previous
exact diagonalization up to N = 32 [33]: Ep=bond = 0:33404;

order parameter (sublattice magnetization): our result: m* = 0:3173
0:635m,..; high-order SWT [56]: m* = s 0:1966019+00000866(25)=s* =
0:3037; QMC [47]: m* = 0:3070; CCM [57]: m* = 0:31; seriesexpan-
sion [58]: m* = 0:307; previous exact diagonalization up to N = 32 [33]:
m* = 0:30676

(for the extrapolation of the gap, seesection 3.3). A more detailed collection
of results for the sublattice magnetization and the GS energy obtained by
di erent methods can be found in [33,57].

The existenceof Neel LRO for the squarelattice doesnot automatically
imply the conclusion,that all other bipartite lattices are also Neellong-range
ordered. Stronger quantum uctuations can appear in lattices with coordina-
tion number z < 4 and in lattices with non-equivalent NN bonds.

The honeycom b lattice (T3)

For this lattice the geometricand the magnetic (Neelstate) unit cell are iden-
tical and include two sites. All NN bonds are equivalent but the coordination
number z = 3 is lessthan in the square lattice giving rise to stronger quan-
tum uctuations. Neverthelessthere is a lot of evidenceobtained by seweral
methods [59, 60, 61, 62, 27,42] and also from the data preseried below, that
the GSis a semi-classicalNeel state.

The low-energyspectrum is shown in Fig. 9. The QDJS are well separated
from the other statesand follow eq. (10). Due to the coincidenceof geometric
and magnetic unit cell they all have translational symmetry vector Q = (0; 0).
There are no low-lying singlets within the spin gap. The similarity between
the spectra of the squareand the honeyconb lattice is obvious.
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Fig. 9. Low-energy spectrum for the HAFM on the honeyconb lattice with N = 32
sites (the inset shows the k points in the Brillouin zone).

The largest lattice consideredhasN = 38 sitesand is de ned by the edge

vectors (3;2);( 2;5) and has GS energy Ep=bond = 0:366768,spin gap
= 0:213953and squareof the order parameter (m*)? = 0:184396.

For the nite-size extrapolation of the GS energy (Fig. 20a), the spin gap
and the order parameter (Fig. 21a) we have used14 nite lattices from N = 6
up to N = 38. The extrapolation accordingto formulae (12), (13), (14) leads
to the following results:

GS energy per bond: Ep=bond = 0:3632

(for comparison: QMC [59]: Eg=bond = 0:3630; 2nd order SWT [6Q]:

Eo=bond = s?> 0:209843 0:0110084= 0:365929;seriesexpansion

[61]: Eo=bond = 0:3629;CCM [27]: Eo=bond = 0:3631);

spin gap: = 0:0504

(for comparison:CCM [27]: = 0:02);

order parameter: m* = 0:2788 0:558m_,
(for comparison: QMC [59]: m* = 0:235; 2nd order SWT [60]: m* =
0:2418;seriesexpansion[61]: m* = 0:266; CCM [27]: m* = 0:28).

Obviously dueto the lower coordination number the magnetization is approx-

imately 10%smaller than for the squarelattice, but the existenceof NeelLRO
is not in question.
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The CaVv O (T11) and the SHD (T10) lattices

Both theselattices have non-equivalent NN bonds and low coordination hum-
ber z = 3 leading to strong quantum uctuations. The lattice T11 has at-
tracted much attention since 1995 when in susceptibility measuremeis on
CaV40g [4] for the rst time a rotationally invariant quantum paramag-
netic GS with a nite spin gap of 110K was discovered experimertally
for a quasi-2D antiferromagnetic spin half system. The underlying lattice of
CaV,40yg is a 1=5 site-depleted squarelattice which can be transformed by an
appropriate distortion to the Archimedeanlattice T11 (seeFig. 10). We use
therefore the name "CaVO' to denote this lattice. The experimental ndings
stimulated a seriesof theoretical studiesfor the spin half HAFM on the CaVO
lattice [48, 63, 64, 65, 66,67, 68,69, 70, 71,72, 73,74,75,76,77]. The geometric
unit cell of the CaVO lattice contains four sites. However, the translational
symmetry of the lattice and of the classicalNeel GS do not t to ead other
and consequetly the magnetic unit cell must be chosenas twice as large as
the geometric one. This makesthe symmetry of the QDJS similar to that of
the squarelattice (seeFigs. 11a and 6a).

Fig. 10. Arrangement of the V** atoms (points) in the V-O layers of CaV4Oy
(left) and the corresponding Archimedean tiling T11 (right).

The Archimedean lattice T10 is built by regular squares,hexagonsand
dodecagons(SHD) and is therefore more complex than the CaVO lattice. As
far aswe know till now no antiferromagnetic material was synthesizedhaving
the lattice structure of tiling 10. The low coordination number, the quantum
competition of non-equivalent NN bonds and the complex structure of the
lattice have stimulated the seard for a possiblenon-Neelordered GS for this
lattice [78,43]. The geometric unit cell of the SHD lattice contains twelve
sites. The translational symmetry of the lattice and of the classicalNeel GS
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Fig. 11. Low-energy spectrum for HAFM on the CaVvVO (T11) and on the SHD
(T10) lattice (the insets show the k points in the Brillouin zone).
a: CavO with N = 32.  b: SHD with N = 36.

t to ead other leading to identical magnetic and geometric unit cell. Hence
the symmetry of the QDJS is similar to that of the honeyconb lattice (see
Figs. 11b and 9). The similarities betweenthe spectra of the squareand the
CaVoO lattice aswell asthe SHD and the honeyconb lattice are obvious: The
QDJS are well separatedfrom the other states and follow eq. (10). There are
no low-lying singlets within the spin gap.

Sincethe magnetic unit cell contains 8 sites, the largest CaVO lattice we
considerhas N = 32 sites and is de ned by the edgevectors (2; 2);(2;2).
It has GS energy per bond Eg=bond = 0:372903,spin gap = 0:281788
and squareof the order parameter (m*)? = 0:178018.The two non-equivalert
NN correlations functions for N = 32 are hS;Sji; = 0:311103for J bonds
belonging to squaresand hS; Sjijo = 0:403803for J° dimer bonds (cf. Fig.
10).

The largest SHD lattice consideredhas N = 36 sites and is de ned
by the edgevectors (2;1);( 1;1). It has GS energy per bond Ep=bond =

0:373118, spin gap = 0:270929 and square of the order parameter
(m*)? = 0:163243.The three non-equivalent NN correlations functions for
N = 36arehS;Sjisy = 0:414324for NN bonds belonging to squaresand
hexagons,S;S;isp = 0:395046for NN bonds belongingto squaresand do-
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decagonsand 1S;S;inp = 0:309984for NN bonds belonging to hexagons
and dodecagons.

The nite-size extrapolation for the CaVO and even more for the SHD lat-
tice su ers from the restriction to a small number of unit cellsin the accessible
nite lattices. Hencethe extrapolation is particularly uncertain and should be
takenwith extra care. For the nite-size extrapolation of the GS energy (Fig.
20a), and the order parameter (Fig. 21a) accordingto formulae (12), (13), (14)
we use nite lattices of N = 16;24;32(CaVv0O) and N = 12, 24; 36 (SHD). The

extrapolation leadsto the following results for the CaVO lattice:

GS energyper bond: Eg=bond = 0:3689

(for comparison:linear SWT [64]: Eo=bond = 0:3584);
spingap: = 0:1149(for comparison: QMC [48]: 0);
order parameter: m* = 0:2303 0:461m,

class

(for comparison:linear SWT [64]: m*™ = 0:212; QMC [48]: m* = 0:178)
and for the SHD lattice:

GS energyper bond: Ep=bond = 0:3713
(for comparison:variational (Huse-Elser)[78]: Eop=bond = 0:3605;varia-
tional (resonating valencebond (RVB)) [43]: Eo=bond = 0:3688);
spin gap: = 0:1435;
order parameter: m* = 0:2126 0:425mj,
(for comparison:variational (RVB) [43]: m* = 0:2546).
Due to the competition betweenthe bondsthe order parametersfor the CavVO
and the SHD lattice are smaller than for the honeyconb lattice. Neverthe-
lesswe nd corvincing evidencethat the GS is semi-classicallyNeel ordered.
This conclusionis well supported by other methods [48, 43, 64, 67,66, 72, 78].
However, the quantum competition betweennon-equivalent bondsleadsto a
tendencyto form local singlets either on neighboring bonds or along polygons.
In connectionwith the obsened rotationally invariant quantum paramagnetic
GS with a nite spin gap in CaV4Og for the CaVO lattice aJ J% HAFM
with dierent strengths of NN bonds J and J°is considered,where J is the
NN bond belonging to a squareand J°is the NN bond not belonging to a
dimer (Fig. 10). Within this model a quantum phasetransition betweenthe
semi-classicalNeel ordered phaseand a quantum paramagnetic rotationally
invariant singlet phasewith gapped excitations is obtained. We will discuss
this J J% HAFM and its quantum phasetransition in more detail in sec-
tion 5.

4.2 Semi-classical LR O on frustrated lattices

The classical GS for non-bipartite frustrated lattices may be collinear (weak
frustration) or non-collinear (strong frustration) and depends on the special
features of the lattice. The frustration may enhancethe e ect of quantum
uctuations sothat the magnetic order may be stronger weakenedthan for the
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bipartite lattices. Thus the frustrated HAFM on 2D lattices is an interesting
candidate for a magnetic systemwith a quantum paramagnetic GS.

The triangular lattice (T1)

The triangular lattice is strongly frustrated but haslargest coordination num-
ber z = 6 (seeFig. 2). Already in the 70ties Anderson and Fazelas|[8, 9] con-
sidered the spin half HAFM on the triangular lattice. They argued that the
GS for the 2D triangular lattice might be similar to that for the 1D HAFM
and proposeda spin-liquid like rotationally invariant resonating valencebond
GS instead of a semi-classicalNeel state. Starting in the late eighties seweral
authors found, however, more and more evidencefor a Neel ordered GS (see
e.g.[31,36,37,7980,81,82 83 84, 85,86]).

The classical GS is a three-sublattice Neel state with an angle of 120
betweenthe spinsof di erent sublattices (Fig. 12a). It breaksthe translational
symmetry of the lattice. The energy per boBd is E§®sS=pond = ?=2 =

0:125and the order parameter is mg, . = 2=3 = 0:40825.

The magnetic unit cell is three times as Iarge as the geometric one and
thus the QDJS belong to vectors Q; = (0;0), Q; = (+4 =3;0) and Q, =
(4 =3;0). Low-lying states have beentabulated in [37], howewver for N = 36
only in the sector Q; = (0;0). Fig. 12b shows our results for the low-lying
stateson the N = 36 lattice. Apparently, the QDJS are well separatedfrom
the other states and follow eq. (10) for S . 4. The lowest singlet excitation
energy is above the rst triplet excitation. A special feature of the E(S)
behavior of the QDJS is a deviation from the linearity starting in the vicinity of
S = N=6. This comesfrom the Ising part of the Hamiltonian and is connected
with distinguished Ising states having two spins up and one spin down per
triangle [87,88] and results in a plateau in the magnetization versusexternal
magnetic eld curve (for a more detailed discussion,seesection 6). However,
Hns peculiarity emergingaround S(S + 1) = 42in Fig. 12b is relevant only if

N=6, i.e. for small N.

The largest lattice consideredhas N = 36 sites and is de ned by the
edgevectors (6; 0); (0; 6). It has GS energy per bond Ep=bond = 0:186791,
spingap = 0:344211and squareof the order parameter (m*)? = 0:124802
(cf. [37]). A detailed discussionof the spectra can be found in [31, 36, 37].

For the nite-size extrapolation of the GS energy (Fig. 20b), the spin gap
and the order parameter (Fig. 21b) we use only even nite lattices of size
N = 24;30; 36. The extrapolation accordingto formulae (12), (13), (14) leads
to the following results:

GS energyper bond: Eg=bond = 0:1842

(for comparison: RVB [8]: Eo=bond = 0:154; SWT [81]: Ep=bond =
0:1823;former exact diagonalization [37]: Eo=bond = 0:1815,Green's

function Monte Carlo [84]: Ep=bond = 0:1819; CCM [86]: Epx=bond =
0:1835);
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Fig. 12. The HAFM on the triangular lattice (T1)
a: Classical GS  b: Low-energy spectrum for N = 36 (the inset shows the k points
in the Brillouin zone).

spin gap: = 0:1293;

order parameter: m* = 0:1577 0:386m;, .,
(for comparison: sublattice magnetization m®' = hSZi in SWT [81]: mS! =
0:2387= 0:4474m¢$,; Green'sfunction Monte Carlo [84]: mS' = 0:205=

0:41mgl.; CCM [86]: mS' = 0:2107= 0:4214m3

class/*

Obviously, the extrapolated gap is quite large, whereasthe order parameter is
smaller than that obtained by other means.This suggestsstronger nite-size

e ects than for bipartite lattices. Nevertheless,the existenceof semi-classical
Neel LRO is not in question.

The maple-leaf (T4) and the bounce (T7) lattices

The maple-leaf lattice [89] is obtained from the triangular lattice by a 1/7
depletion of sites. Its geometric unit cell contains six sites and the underlying
Bravais lattice is atriangular one(cf. Fig. 13). It is alsostrongly frustrated but
has lower coordination number (z = 5) than the triangular lattice. Further-
more, it has three non-equivalent NN bonds (solid, dashedand dotted lines
in Fig. 5). Thus the quantum uctuations might be more important and the
HAFM on the maple-leaflattice was consideredasa candidate for a quantum
paramagnet[90].
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The bouncelattice is related to the maple-leaflattice. It can be obtained
from the maple-leaflattice by bond depletion as described in section 2.2 (see
Fig. 5). It hasalsoa geometricunit cell with 6 sites, an underlying triangular
Bravais lattice and cortains two non-equivalent NN bonds. The coordination
number z = 4 is lower than for the maple-leaflattice but it is lessfrustrated,
sincethe omitted bond was a frustrating one. As far as we know no antiferro-
magnetic material has, as yet, been synthesized with the lattice structure of
tilings 4 or 7.

% a=0
v b=2p/3
» 0=4p/3

v d=5p/6
2 e=3p/2
+ f=p/6

Fig. 13. The classical GS of the HAFM on the maple-leaf lattice (T4). The geo-
metric unit cell is shovn with dashed lines. The magnetic unit cell contains three
geometric unit cells labeled by A,B,C.

The classical GS of the maple-leaf I%tige is a six-sublattice Neel state
shown in Fig. 13with E§®S=bond= s?(" 3+ 1)=5= 0:13660and m},, =
0:39434.The lessfrustrated bounce lattice has also a six-sublattice Neel GS
with a 120 structure on ead triangle and a collinear up-down structure on
eaﬁn hexagon leading to E§S=pond = 2s?=3 = 0:16667and m}, =
1= 6 = 0:40825.Both classicalGSsbreak the translational symmetry of the
lattice, the corresponding magnetic unit cell is three times as large as the
geometric one and contains 18 sites. Therefore the applicability of nite-size
calculations is particularly limited.

The low-lying spectra for both lattices with N = 36 sites are shown in
Fig. 14. The lowest statesin ead sector of S are QDJS belonging to appro-
priate symmetriesQq = (0;0) and Q; = (+4 =3;0), Q, = ( 4 =3;0). They
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follow eq. (10). The lowest singlet excitation energyis above the rst triplet
excitation.

The largest nite lattices consideredhave N = 36 sitesand are de ned by
the edgevectors(3; 0); (1; 2) for both tilings. Note that these nite lattices do
not have the full symmetry of the corresponding in nite lattices. The N =
36 maple-leaf lattice has GS energy per bond Eg=bond = 0:215589, spin
gap = 0:400009and square of the order parameter (m*)? = 0:106101.A
picture of this lattice and a table of the correlation functions are givenin [90].
The non-equivalent NN bonds lead to dierent NN correlations: IS;Sjit =

0:1777 (belonging to a dashedline in Fig. 5, middle), hS;Sjiy = 0:3656
(belongingto a solid line in Fig. 5, middle) and hS; S;ip = 0:0086 (belonging
to a dotted line in Fig. 5, middle).? It appearsthat the correlation functions
of the quantum system t quite well to the classicalGS.

The N = 36bouncelattice hasGS energyper bond Ep=bond = 0:286540,
spingap = 0:445138and squareof the order parameter (m*)? = 0:119073.
The non-equivalent NN bonds lead to dierent NN correlations: S;Sjit =

0:1723(belonging to a dashedline in Fig. 5 right) and hS;S;iy = 0:4008
(belonging to a solid line in Fig. 5 right). The correlation function of the
omitted bond (seeFig. 5) is hS;Sjip = 0:1116. It is obvious that the NN
correlations hS; Sjip and hS;Sjiy are enhancedby omitting the frustrating
bond, whereashS; S; i+ remains almost the same.

We use nite maple-leaf lattices and bounce lattices of sizeN = 18 and
36 for the nite-size extrapolation of the GS energy (Fig. 20b), the spin gap
and the order parameter (Fig. 21b). By using formula (12), (13) and (14) we
obtain for the maple-leaflattice:

GS energyper bond: Ep=bond = 0:2171

(for comparison:SWT [90Q]: Eg=bond = 0:20486;variational [90]: Eq=bond =
0:1988);

spin gap: = 0:2548;

order parameter: m* = 0:0860 0:218 M

(for comparison: sublattice magnetization ms' = hS?i in SWT [90]: mS' =

0:154= 0:308 m3

|
Iass)'

An extrapolation of the gap basedon a variational approach was presened
in [90] and leadsto = 0:0180.
The corresponding extrapolation for the bouncelattice yields:

GS energy per bond: Ep=bond = 0:2837;
spin gap: = 0:2926;
order parameter: m* = 0:1095 0:268m

+
class*

8 Note that these values and the corresponding values for the bounce lattice are
averaged values, since the N = 36 lattices do not have all lattice symmetries of
the in nite lattice. As a result one has to average over three di erent values for
a certain correlation function.
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Fig. 14. Low-energy spectrum for HAFM on the maple-leaf (T4) and on the bounce
(T7) lattice (the insets show the k points in the Brillouin zone). a: maple-leaf lattice
with N = 36.  b: bounce lattice with N = 36.

Obviously, the extrapolated order parameters are small but nite. The fact
that the order parameterfor the bouncelattice is larger than for the maple-leaf
lattice seemsto be related to the lower frustration. Taking into consideration
results of the spin-wave theory and the variational approac presened for the
maple-leaflattice in [90] we concludethat the semi-classicakix-sublattice Neel
LRO survivesfor both lattices. However, this statemert needscon rmation

by further studies.

The trellis lattice (T5)

The trellis lattice is to someextent exceptionalsinceits structure corresponds
to a system of coupled ladders or alternativ ely of coupled zigzag chains. Its
geometricunit cell contains 2 sites (cf. Fig. 15a). It hasthe samecoordination
number z = 5 asthe maple-leaflattice but its frustration is slightly smaller
(cf. Fig. 2). Furthermore, it has three non-equivalent NN bonds, labeled by
Ji, Jo and Js in Fig. 15a.

The HAFM on the trellis lattice is related to the magnetism of SrCu,Os3,
CaV,0s5 and MgV,0s [91, 92]. Howewer, the Ji, J, and Js bonds are not
of equal strength in these materials (for instance in SrCu,O3 the zigzag J;
coupling is weak leading to a quasi-1D ladder structure). The classicalGS is
a Neel state for J, < J;=4, and is an incommensurate spiral state along the



Quantum magnetism in two dimensions 31

-0.17

-0.18

O Do D E—
L

-0.2 +

-0.21

o
=
©
T
\\{ ST ST TR K

E/N

-0.22

-0.23

<

\Q\X‘D br EMNSEDCTHRRE X

=]

-0.24

-0.25

y R N=28 e
b ‘]1 ~~. X -0.26 | | | | |
1 0o 5 10 15 20 25

X S(S+1)

&

Fig. 15. The trellis lattice (T5).

a: lllustration of the lattice with basisvectorsb; and b, geometric unit cell (dashed)
and the non-equivalent NN bonds J1, J> and Js. In the classical GS the spins form
a spiral along the zigzag chains (J1, J> bonds) whereasthe spins along a J3 bond
are antiparallel.

b: Low-energy spectrum for N = 28 (the inset shows the k points in the Brillouin
zone).

zigzag chains (x-direction) for J, > J;=4, where the angles between neigh-
boring bonds are , = 2arccos(J1;=4J,) (J2 bond), 1 = + =2 ()
bond) and 3 = (J3 bond). This leadsto a classical GS with pitch an-
gles 1 = + arccos(1=4) = 1:41957 ; , = 2arccos(1=4) = 0:83914 , GS
energy per bond E§PS=bond =  0:65s> = 0:1625and m, ., = 0:39894for
the perfect lattice (Jy = Jo = J3).
The incommensurability of the classical GS createsadditional di culties

applying exact diagonalization for nite lattices sincethe classicalpitch angles

1 and , may bein conict with periodic boundary conditions. In order to
minimize this boundary e ect we consideronly nite lattices of N = 20, 28
and 36 siteshaving pitch angles (ZN) deviating by not more than 6% from the
true values ,. The N = 36lattice is de ned by the edgevectors(9;0); ( 1;2)
and hasa pitch angle (236) = 1:059 ,. Its GS energy per bond is Eq=bond =

0:247578spingap = 0:605227and squareof the order parameter(m*)? =
0:109897.The three non-equivalent NN correlations functions for N = 36 are
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hSiSjiy, = 0:098835,hS;S;i;, = 0:283938and IS;Sji;, = 0:472341(cf.
Fig. 15a).

In Fig. 15b the QDJS are showvn. Although the boundary conditions are not
perfectit can be seenthat the QDJS are separatedfrom the other states and
follow approximately eq. (10). The lowest singlet excitation is above the rst
triplet excitation. The translational symmetry of the QDJS is more complex
than in the other lattices. It is connected with the q vector of the spiral
state. We nd Qy, = 0; and Qx = 6 (N=2 S)=7mod 2 for N = 28 and
Qx =8 (N=2 S)=9mod 2 for N = 36.

For the nite-size extrapolation of the GS energy (Fig. 20b), the spin gap
and the order parameter (Fig. 21b) we use nite lattices of sizeN = 20; 28; 36.
The extrapolation accordingto formulae (12), (13), (14) leadsto the following
results:

GS energyper bond: Eg=bond = 0:2471;
spin gap: = 0:49;
order parameter: m* = 0:0885 0:222m,

class*

Although our data do not allow a secureconclusionthe results are in favor of
a spiral long-range ordered phase. This conclusionis in agreemen with the
ndings in [91] basedon a Scdwinger boson technique and linear spin-wave
theory.

The SrCuBO lattice (T6)

The SrCuBO lattice is weakly frustrated, hasfour sitesin the geometric unit
cell and two non-equivalent NN bondsJ; and J; (seeFig. 16a, top). It canbe
transformed by an appropriate distortion to a squarelattice with onediagonal
bond in ead secondsquare (see Fig. 16a, bottom). This frustrated square
lattice is known as Shastry-Sutherland model [93,94] intro ducedin the 80ties
asa 2D spin half HAFM with an exactly known quantum GS. Indeedfor large
frustrating J, the GSis a so-calledorthogonal dimer product state with dimer
singlets on eadt J, bond. Although the Shastry-Sutherland model initially
was understood asa “toy model' it hasattracted much renewed attention asit
providesa represertation of the magnetic properties of the recertly discovered
2D spin gap systemSrCu,(BO3)> [5,95]. The experimental ndings stimulated
a seriesof theoretical studies for the spin half HAFM on the SrCuBO lattice
with varying bonds Ji, J;, seeRefs.[96,97,98,99,100 101,102 103 104 and
the recert review [105. We will discussthe GS phasediagram in the J;
J, plane below in section 5. In this section we considerJ; = J,, only. In
this casethe classical GS is the two-sublattice Neel state with energy per
bond E§@S=hond = 0:6s> = 0:15 and with order parameter m},,. = 0:5.
The geometric unit cell of the SrCuBO lattice corntains four sites and the
translational symmetry of the lattice and of the classicalNeelGS t to eact
other. The spectrum of the SrCuBO lattice (Fig. 16b) is therefore comparable
with that of the honeyconb lattice (Fig. 9). The QDJS are well separatedfrom
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Fig. 16. The SrCuBO lattice (T6). a: Comparison of the SrCuBO lattice (above)
and the Shastry-Sutherland model (below). The unit cell is illustrated by the dashed
square.

b: Low-energy spectrum for N = 32 (the inset shows the k points in the Brillouin

zone).

the other statesand follow eq. (10). The lowest singlet excitation is above the
rst triplet.

The largestlattice consideredwith N = 36 sitesis de ned by the edgevec-
tors (3;0); (0; 3) and hasGS energyper bond Ep=bond =  0:233410,spin gap

= 0:319735and square of the order parameter (m*)? = 0:169048,that is
80% of the order parameter of the corresponding squarelattice. The two non-
equivalent NN correlations functions for N = 36 are hS;S;i;, = 0:332886
(almost the sameas for the squarelattice) and hS; S;i;, = 0:164493.

For the nite-size extrapolation of the GS energy (Fig. 20b), the spin gap
and the order parameter (Fig. 21b) we use nite lattices of sizeN = 20, 32
and 36. The extrapolation accordingto formulae (12), (13), (14) leadsto the
following results:

GS energyper bond: Eg=bond = 0:2310

(for comparison: seriesexpansion[96]: Eq=bond = 0:231; Schwinger bo-
sonmean eld [94]: Eo=bond = 0:231;CCM [10§: Eg=bond = 0:2311);
spin gap: = 0:0927;
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order parameter: m* = 0:2280 0:456m,
(for comparison:seriesexpansion[96]: m* = 0:200; Schwinger bosonmean

eld [94): m* = 0:203;CCM [106: m* = 0:211).

Due to frustration the order parameteris only about 70%of that of the square
lattice but it is the largest one of all frustrated lattices. There is no doubt of
semi-classicalGS Neel order for this lattice. This conclusionis in agreemem
with seweral other studies like seriesexpansion[96,97,99] and bosonicrepre-
sertations [94,104]. However, the NeelLRO is destroyed by further increasing
the frustrating bond J, (seesection5).

4.3 Absence of semi-classical LR O on frustrated lattices - the
kagome (T8) and the star (T9) lattices

Among the non-bipartite frustrated lattices the kagome® and the star lattice
play an exceptional role. The kagome lattice is strongestfrustrated (as strong
asthe triangular lattice) and haslow coordination number z = 4, cf. Fig. 17. It
canbeobtained by a 1/4 site depletion or alternativ ely by a 1/3 bond depletion
(with an appropriate subsequen distortion) of the triangular lattice. Whereas
the triangles in the kagome lattice are corner sharing, they are separatedby a
dimer in the star lattice. Its degreeof frustration is lessthan for the kagome
lattice but it has an even lower coordination number z = 3 and two non-
equivalent NN bonds Jp and Jy, cf. Fig. 18. As indicated in Fig. 3, the
star lattice can be obtained by a 2/5 bond depletion of the maple-leaf (T4)
or alternatively by a 1/4 bond depletion of the bounce lattice (T7) with an
appropriate subsequen distortion. Both the kagome and the star lattices are
characterized by strong quantum uctuations.

After realizing in the early nineties that the quantum GS of the HAFM
on the triangular lattice is Neel ordered the HAFM on the kagome lattice
came into the focus of interest as a hot candidate for a 2D quantum spin
systemwith an exotic non-Neelordered GS [36,38,39,86,108109,110111,112,
113114,115116,117,118 119 120. Indeed, most of the recert investigations
are in favor of a quantum paramagnetic GS, although its nature is far from
being well understood. A possible physical realization of the kagome HAFM
is SrCrGa oxide, which is, however, a layered kagome HAFM with spin 3=2
[121,122. A novel spin-1/2 kagome like HAFM has been found recertly in
volborthite CusV,07(0OH), 2H,0 [123. By contrast, the spin half HAFM
on the star lattice has not been consideredin the literature so far, nor is a
physical realization currently known. However, we mertion that a projection
of the three-dimensional non-frustrated magnetic compound green dioptase
CugSisO13 6H,0 hasthe shape of the star lattice [124].

The geometric unit cell of the kagome (star) lattice cortains three (six)
sites and the underlying Bravais lattice is a triangular one (cf. Figs. 17 and

® The name kagome stems from the Japaneselanguageand meansa bamboo-basket
woven pattern [107].
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18). The classicalGS for the kagome lattice was studied in [125 126,127 In
analogy to the triangular lattice the angle betweenneighboring spinsis 120 .
Its energyper bond is E§#=bond = s?=2= 0:125.However, in cortrast to
the triangular lattice there is a non-trivial in nite degeneracyof the classical
GS typical for a classicalHAFM with corner-sharingtriangles.

/\ 1343 g=0 } a=0
= —1} ~ b=2p/3

. 0=4p/3

Fig. 17. pTlNcb\Lariants of the GS of the classical HAFM on the kagome lattice
(T8): the 3 = 3 state (left) and the g=0 state (right). The dotted ellipses show
further degreesof freedom of the highly degenerateclassical GS. The Wigner-Seitz
geometrical unit cell contains three sites (A1, A2, A3). The light and gray triangles
symbolize di eren t chiralities.

In the classical GS of the star lattice the two non-equivalent NN bonds
carry di erent NN spin correlations: the angle between neighboring spins on
dimer bonds Jp is 180, whereasthe angle on triangular bonds Jt is 120 .
Its energy per bond is E§®=bond = 2s?=3 = 0:1667. Although the star
lattice is not built by corner-sharing triangles, the classical GS for this lat-
tice also exhibits a non-trivial in nite degeneracyvery similar to that of the
kagome lattice.

Two particular variants of the classicalGS characterizedby a certain wave
vector are shown in Figs. 17 and 18. The stateson the left side of Figs. 17 and
18 exhibit the same symmetry as the classicalGS for the triangular lattice
having a raelgr}x;'gc unit cell three times as large as the geometric unit cell
(so-called 3 = 3 state). The stateson the right side of Figs. 17 and 18 have
the sametranslational symmetry as the lattice (so-called q = 0 state) and
therefore the magnetic and the geometric unit cell are identical. Both states
are highly degenerateas indicated by the dotted elliptic lines at the top of
spins.

Let us considerthe Brgerpogrameter (9) for the classicalGS. If we take the
perfect orderedplanar 3 = 3 and g=0 state, then we get for both lattices
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t a=0 | a=p
~ b=2p/3 ~ b=5p/3
~ g=4p/3 ~ g=p/3

Fig.,18., Two variants of the GS of the classical HAFM on the star lattice (T9):
the 3 = 3state (left) and the g=0 state (right). The dotted ellipses show further
degreesof freedom of the highly degenerateclassical GS. The Wigner-Seitz geomet-
rical unit cell consists of six sites located on a hexagon (sites Al,..., A6). The light

and gray triangles symbolize di eren t chiralities.

o J—
+ — + —_ 1 - — .
dass®3 P35 = Moassg=0 = 2 2=3 = 0:40825. However, one has to take

into account the high degeneracyof the GS. In order to averageover these
degeneratestates we performed numerical calculations of the ground states
for classicalsystemsof up to N = 432sites. The numerical results lead to the
conclusionthat for large N we have M. . overageq = 0:25 for both lattices.
This corresponds to a GS phase with decoupled spins for larger spin-spin
separations.

In the quantum casethe largest kagome lattice consideredhas N = 36
sites and is de ned by the edge vectors (4;2); (2;4). It has GS energy per
bond Ep=bond = 0:219188,spin gap = 0:164190and square of the order
parameter (m*)? = 0:059128.We mertion that the result for Eo=bond was
already givenin [39,111].

The largest star lattice consideredhas N = 36 sites and is de ned by the
edgevectors (2;0); (1; 3). It has GS energy per bond Eg=bond = 0:310348,
spingap = 0:480343and squareof the order parameter (m*)? = 0:082299.
Note that the value of the spin gap is particularly large. The only N = 36
lattice having a larger spin gap is the trellis lattice for which, however, the
large spin-gap is most likely a nite-size artifact due to the incommensurate
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structure of the states. The two non-equivalent NN correlation functions for
N = 36arehS;Sji;, = 0:170339(that is weaker than for the kagome and
the triangular lattice) and hS;Sjij, = 0:590367° We mention that the NN
correlation hS; S;i;, is the strongestcorrelation we found in all lattices, thus
indicating a strong tendency to form local singlets on the Jp bonds.
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Fig. 19. Low-energy spectrum for HAFM on the kagome (T8) and on the star (T9)
lattice (the insets show the k points in the Brillouin zone).
a: kagome with N = 36.  b: star with N = 30.

The spectra of both lattices are shovn Fig. 19. For both spectra it is
obvious that the lowest states E i (S) are not well described by eq. (10). In
particular, the loweststatesbelongingto S = 0and S = 1 deviate signi cantly
from a straight line. We do not seewell separatedQDJS as well as spin-wave
excitations. Furthermore, the symmetries oE, t_hedo_west states in eat sector
of S cannot be attributed to the classical 3 ~ 3 or g=0 ground states in
general. The kagome lattice is an exceptional casein that a large number
of non-magnetic singlets Il the singlet-triplet gap. For instance for N = 27
there are 153[39] and for N = 36 on nds 210[11] non-magnetic excitations
within the spin gap and in the thermodynamic limit possibly a gaplesssinglet

10 Note that thesevaluesare averagedvalues, sincethe N = 36 star lattice doesnot

have all lattice symmetries of the in nite lattice. As a result one hasto average
over two di eren t values.
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continuum. This unusual number of low-lying singletsis attributed to the non-
trivial huge degeneracyof the classicalGS. By cortrast, the star lattice does
not show low-lying singlets. This can be attributed to the special property
of the quantum GS to form local singlets on the Jp bonds which somehav
makes the singlet GS of the star lattice exceptional. As a consequencethe
quantum GSof the star lattice haslowestenergyper bond amongall frustrated
lattices and is well separatedfrom the excitations. Especially the rst singlet
excitation has comparably high energy

We merntion that a detailed discussionof the spectrum for the kagome
lattice was given in [38,39].

For the nite-size extrapolation of the GS energy (Fig. 20b), the gap and
the order parameter (Fig. 21b) we use nite lattices of sizeN = 12, 18, 24,
30 and 36 (kagome) and of N = 18, 24, 30 and 36 (star). The extrapolation
leadsto the following results for the kagome lattice:

GS energyper bond: Ep=bond = 0:2172

(for comparison: SWT [109: Ep=bond = 0:2353;former exact diagonal-

ization (N = 9;:::;21) [108: Ep=bond = 0:217; CCM [86]: Ep=bond =
0:2126;Green's function decoupling[115120: Ep=bond = 0:215);

spin gap: = 0:0397;

order parameter: m* = 0:000 0:0m],..

In fact, the extrapolation givesthe unphysical value m* = 0:0146< O (cf.
Fig. 21b). We interpret this as vanishing order parameter.
For the star lattice we obtain:

GS energy per bond: Ep=bond = 0:3093;

spin gap: = 0:3809;

order parameter: m* = 0:0385  0:094:::0:150 m;,., (the rst v?)lue
corresponds to My, = 0:408250f the perfect ordered planar = 3 ~ 3
and g=0 classicalGS, seeFig. 18, whereasthe secondvalue corresponds
t0 M{jass:averaged = 0:25 Obtained by averagingover all degenerateclassical
ground states).

The extrapolated spin gap for the kagome lattice is small but nite and cor-
respondsto the valuesreported in the literature (seee.g.[12]), but we should
remark that the existenceof a spin gap at all is not a fully securestatemert.

For both lattices the exact diagonalization data yield indications for a
quantum paramagnetic GS. For the kagone lattice this statemert is known
from detailed studies by C. Lhuillier, H.-U. Everts and coworkers as well as
other groups published over the last 10 years.However, the star lattice repre-
serts a new example for a quantum HAFM on a uniform 2D lattice without
semi-classicalGS ordering. We emphasizethat the quantum paramagneticGS
for the star lattice is di erent in nature to the quantum GS for the kagome
lattice. The quantum GS for the star lattice is characterized by an extremely
strong NN correlation on the dimer bonds (more than 60% larger than the
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NN correlation of the honeyconb lattice having the samecoordination num-
ber z = 3) and a weak NN correlation on the triangular bonds (only about
30% of the NN dimer correlation and signi cantly weaker than the triangular

NN correlation of the kagome and the triangular lattices). The singlet-triplet

spin gapis particularly large (about ten times larger than that for the kagome
lattice). Although the classicalGS exhibits a huge non-trivial degeneracyre-
markably onedoesnot nd low-lying singletswithin this large spin gap, rather
the rst singlet excitation is well above the lowest triplet state. The low-lying
spectrum asa wholeresenblesthe spectrum of weakly coupleddimers[18]. All

thesefeatures support the conclusionthat the quantum GS of the HAFM on
the star lattice is dominated by local singlet pairing and represerts a so-called
valence-tond crystal state (seealso section 4.4).

4.4 Summary and comparison

Based on extensive exact diagonalization studies and on available results in
the literature we discussthe GS ordering of the spin half HAFM on the 11
uniform Archimedeantilings in two dimensions.Of coursewe are not able to
clarify all aspectsof the GS properties of thesequantum many-body systems.
Neverthelessthe comparative discussionof the 11 lattices leadsto conclusions
on the in uence of lattice structure on GS magnetic ordering in two dimen-
sionsand this way on the existenceor absenceof semi-classicalLRO in these
systems.

The HAFM hasbeenalready studied intensively in the literature for some
of theselattices (square(T2), triangular (T1), honeyconb (T3), kagome (T8),
SrCuBO (T6), CaVO (T11)) and the physical picture seemsto be more or
lessclear for those lattices. For some other lattices (SHD (T10), maple-leaf
(T4) and trellis (T5)) only a few results are available in the literature so far
and the conclusionson the GS ordering are lessreliable. The HAFM on the
star lattice (T9) as well as on the bouncelattice (T7) has not been studied
till now.

Let us summarizethe results of the precedingsections:The GS of the spin
half HAFM on the bipartite (i.e. non-frustrated) lattices is semi-classically
Neel ordered. The reduction of the order parameter by quantum uctuations
dependson the coordination number and on the competition of non-equivalent
NN bonds (cf. table 3). The low-energy spectra exhibit sometypical features
for magnetic systemswith semi-classicalorder, namely well separatedquasi-
degeneratejoint states (QDJS) with symmetriesbelongingto the classicalGS
ordering. Another indication for semi-classicalordering is the disappearance
of the spin gap in the thermodynamic limit. We nd, at least for the lattices
with not too large unit cells,indications for a vanishing spin gap. However, the
nite-size extrapolation of the spin gapis lessreliable than for the magnetiza-
tion (seesection 3.3) and therefore we do not considerthe spin gap asa main
criterion for the existenceof semi-classicaLRO. The comparisonof the nite-
sizebehavior of the GS energyshown in Fig. 20 shows that the extrapolation
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coecient Az (cf. eq. (12) for the bipartite lattices is largest in agreemet
with long-ranged spin-spin correlations. We mertion that a suppressionof
semi-classicalLRO in bipartite lattices can appearin systemswith NN bonds
of di erent strength this way increasingthe competition of non-equivalent NN
bonds (seesection 5).

Table 3. Comparison of the ground-state energy per bond Eo=bond and the order
parameter m* (eq. (9)) of the spin half HAFM obtained by nite-size extrap olation
(seetext). In order to seethe e ect of quantum uctuations, we presert m* scaled
by its corresponding classical value m{,,.,. Furthermore, we show the coordination
number z and indicate, whether all NN bonds are equivalent or not by EQ and NEQ,
respectively. For the star Iatly'c_e &Izist row) the rst value corresponds to m7.., of
the perfect ordered planar ° 3 = 3 and g=0 classical GS, seeFig. 18, whereas

the secondvalue corresponds to m7,_.. averagedover all degenerateclassical ground

states.
tiling z NN bonds |Eg=bond| m*=m/,.
bipartite
square (T2) 4 EQ 0:3350 0.635
honeycomb (T3) 3 EQ 0:3632 0.558
CaVvo (T11) 3 NEQ 0:3689 0.461
SHD (T10) 3 NEQ 0:3713 0.425
frustr ated
SrCuBO (T6) 5 NEQ 0:2310 0.456
triangular (T1) 6 EQ 0:1842 0.386
bounce (T7) 4 NEQ 0:2837 0.286
trellis (T5) 5 NEQ 0:2471 0.222
maple-leaf (T4) 5 NEQ 0:2171 0.218
kagome (T8) 4 EQ 0:2172 0.000
star (T9) 3 NEQ 0:3093|0.094...0.150

The situation for the frustrated lattices is more complex. Someof the crite-
ria for semi-classicaLRO might be weaker pronounced.For the HAFM on the
kagome and on the star lattice we nd evidencefor a quantum paramagnetic
GS whereasfor the other frustrated lattices there are indications for semi-
classicalLRO. Although the order parameter m* is additionally weakenedby
the interplay of quantum uctuations and frustration the extrapolated values
of m* remain nite (between 22% and 45% of the classical values) for the
tilings T1,T4,T5,T6,T7. It vanisheshowever for the kagome lattice and is at
least very small for the star lattice (seetable 3). Except for the kagome and
the star lattices the low-energyspectra exhibit sometypical featuresfor mag-
netic systemswith semi-classicalorder, namely well separated QDJS with
symmetries belonging to the classical GS ordering. The comparison of the
nite-size behavior of the GS energy (Fig. 20) shows the smallest extrapo-
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lation coe cient Aj for the kagome and the star lattice being in agreemen
with short-range spin-spin correlations. Although the extrapolation coe cien t
A3 is very small for the trellis lattice, too, we interpret this as a particular
nite-size e ect due to the incommensuratestructure of the classicalGS.
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Fig. 20. Finite-size extrapolations of GS energy per bond Eo=bond, a - bipartite
lattices, b - frustrated lattices.

We conclude that the interplay of lattice structure and quantum uc-
tuations may lead to a non-classicalquantum paramagnetic singlet GS for
frustrated lattices with low coordination number and strong frustration, i.e.
for the kagome and the star lattice (seeFig. 22). Although extensive studies
have been performed for the kagome lattice [36, 38, 39, 86,108 109,110 111,
112113114115116117,118119 120, the spin half HAFM on the star lattice
is consideredin this article for the rst time. By contrast with all the other
lattices, the kagome and the star lattice show a huge non-trivial degeneracy
of the classicalGS due to strong frustration.

Although there is no semi-classicalGS order for both lattices, the nature
of both quantum ground statesis basically di erent in the quantum case.We
arguethat the origin for this di erence liesin the existenceof non-equivalent
NN bondsin the star lattice whereasall NN bondsin the kagome lattice are
equivalent. That leadsalsoto signi cant di erences in the low-lying spectrum
of both lattices. The kagome lattice has probably a nite spin gap, but within
this spin gap a large number (increasing exponertially with system size) of
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disorder in a parameter spacespanned by frustration (classical GS energy per bond
divided by s?, seesection 2.1) and coordination number z. The numbers indicate
the location of the Archimedean tilings in this parameter space.
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low-lying singlets appear [38,39,113 which seemto be a remnarnt of the non-
trivial classicalGS degeneracyHowever, the HAFM on the star lattice hasa
particularly large spin gap but alsoa well pronouncedsinglet-singletgap (even
larger than the spin gap) which is in accord with a GS dominated by local
singlet pairing on non-equivalent NN Jp bonds assistedby frustration. As a
consequencethe hugeclassicalGS degeneracyhasno remnart in the spectrum
of the quantum model. We mertion that the chederboard (planar pyrochlore)
lattice is another example,wherethe non-trivial classicalGS degeneracydoes
not lead to a continuum of low-lying singlets and the ground-state is most
likely a valencebond crystal (seee.g.[128 129). Furthermore, examplesare
known that many low-lying non-magneticexcitations within the spin gap may
appear although the classicalGS is not non-trivially degenerate[41, 130.

For all the other bipartite and frustrated lattices the quantum uctua-
tions seemto be not strong enoughto destroy the classicalorder. However, we
should again emphasizethat our conclusionsabout semi-classicalLRO pos-
sessesome uncertainty, in particular for the trellis, maple-leaf and bounce
lattices.

The above preserted study provides somecriteria for the appearance of
novel quantum ground states in 2D spin systems. Although only for a few
of the lattices under consideration direct realizations in real materials have
beenfound till now, in sewral casesslightly modi ed models, e.g. modelswith
NN couplings of non-equalstrength or with inclusion of next-nearestneighbor
couplings, are appropriate for the description of real magnetic substances.

At the end of this paragraph we will classify the magnetic ordering on
the 11 Archimedeantilings using the four basic types of low-energy physics
in 2D isotropic quantum antiferromagnets proposed and described recertly
by Lhuillier, Sindzingre, Fouet and Misguich [11,12,13,14,15]. The rst type
of GS phasesis the semi-classicalLRO (collinear or noncollinear). Most of
the lattices belong this class, namely all bipartite lattices (T2,73,T10,T11)
but also the frustrated tilings (T1,T4,T5,T6,T7). The GS of the HAFM on
theselattices breaksthe SU(2) symmetry. The low-lying excitations are gap-
lessGoldstone modes (magnons). As discussedabove, the order parameter is
reducedby quantum uctuations. The three other typesof GS phasesnhamely
the so-calledvalencebond crystal, type | spin liquid and type Il spin liquid
are purely quantum.

The so-calledvalencebond crystal is a phasecharacterized by the forma-
tion of local singlets with high binding energy built by an even number of
spins (most likely by two or four spins) connectedby NN bonds (singlet “va-
lence bonds"). The correlation betweenthe singlets is weak leading to a fast
exponertial decay of the spin pair correlation to zero. The GSis a rotationally
invariant singlet of the total spin without SU(2) symmetry breaking. However,
breaking of translational symmetry of the lattice is possiblebut not necessary
The valencebond crystal possessebng-rangesinglet-singlet (dimer-dimer or
plaquette-plaquette) correlations. All excitations above the GS are gapped
leading to an exponertial (i.e. thermally activated) low-temperature behavior
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of the speci ¢ heat ¢ and of the susceptibility . A candidate for such a GS
phaseis the HAFM on the star lattice. For this lattice the possible dimer-
dimer LRO would t to the lattice geometry. Another candidateisthe J; J»
model on the square lattice, widely discussedin the literature (see[85,13]]
and referencestherein), where the valence bond crystal phasewould break
the translational symmetry of the lattice. The type | spin liquid has some
similarity to the valencebond crystal. It hasalso a rotationally invariant sin-
glet GS without SU(2) symmetry breaking, it hasa fast exponertial decay of
the spin pair correlation to zero and gapped excitations leading to thermally

activated low-temperature behavior of c and . However, the GS does not
possesssinglet-singlet long-ranged correlations but is likely to be character-
ized by short rangedresonatingvalencebonds. There is no good candidate for
this phaseamong the Archimedeantilings. But this phasemight be realized
in the J; J, model on the honeyconb lattice [42]. The typell spin liquid has
also a rotationally invariant singlet GS, a fast exponertial decay of the spin
pair correlation to zero and no long-ranged singlet-singlet correlations. The
spin gap to the rst triplet excitation is nite giving rise to a thermally

activated low-temperature behavior of the susceptibility . However, there
is a gaplesscontinuum of singlets which could be described by a family of
short-ranged valencebond states [116] the number of which is exponertially

growing with size N. This gaplesscontinuum implies that the system has a
zero-temperature residual entropy and that the low-temperature speci ¢ heat
is not thermally activated. The best candidate for this type of spin liquid is
the spin half HAFM on the kagome lattice.

5 Quantum phase transitions in 2D HAFM - the CaVv O
J  J%model and the Shastry-Sutherland model

Phasetransitions have beena subject of great interest to physicists over many
decadesBesidesthermal phasetransitions, the so-calledquantum phasetran-

sitions (or zero-temperature transitions) have started to attract a lot of at-
tention (seechapter by S. Saddev in this book). For zero-temperature order-
disorder transitions we basically needthe interplay betweenthe interparticle
interactions and quantum uctuations. Canonical modelsto discussquantum

phasetransitions are quantum spin models. As discussedabove the HAFM

on most of the 2D lattices possessesemi-classicalLRO in the GS, but the
interplay of quantum uctuations and strong competition betweenbondsmay
suppressthis order. The competition may appear either as frustration or by
non-equivalent NN bonds or a combination of both. Indeed, the strength of
this competition may serve as the control parameter of a zero-temperature
order-disordertransition. It can be tuned by changing the relative magnitude
of non-equivalent NN bonds or by intro ducing next-nearest neighbor bonds.
The Archimedeantilings therefore represert a wide playground for the inves-
tigation of zero-temperature transitions.
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A genericmodel of a frustrated HAFM widely discussedin the literature
(see,e.g.,Refs.[85,131,132 55,133 134,135136,137,139) is the spin-half J;
J> model on the squarelattice, where the frustrating J, bonds plus quantum
uctuations are believed to lead to a second-ordertransition from a Neel-
ordered state to a quantum paramagnetic state at about J,  0:38J;. The
properties of the latter state are still far from being understood. One favored
quantum phasefor J,  0:5J; is a valencebond crystal. However, there are
exampleswhere frustration leadsto a rst-order transition in quantum spin
systemsin cortrast to a second-ordertransition in the corresponding classical
model (see,e.qg., Refs.[27,99,139 74, 140 141)).

The competition betweennon-equivalent NN bondsmelts the semi-classical
Neel order by formation of local singlets. By contrast to frustration, which
yields competition in quantum aswell asin classicalsystems,the local singlet
formation is a pure quantum e ect. Both medcanismsmay of coursebe mixed
as, for instance, in CaV40Og or in SrCu,(BO3), (see,e.g., Refs. [64,68,99]).

Bl ‘ ‘ ‘ 05
0.45 | |
0.4 % —\]
0.4 |
057 =3 — | 7
J'=2] oo 0.35
H J'=2.5] - ; 03 |
z -0.6 4 ]
5 "= 0.25 |
w97 k™
R I D 0.2 |
08 0.15 |
| V4 0.1 |
09 ¢ Y ’/,/ ]
[ A _‘___‘___.-’ 0.05 |
-1 I I | | 0 L ) ) ) ‘ ‘
04 02 0 02 04 1 1214 16 18 2 22 24
m* 5
’ b

Fig. 23. Mean eld results for the J J° HAFM on the CaVO lattice.
a: Energy versusorder parameter  b: Order parameter versus J°

Let us rst discussa mean- eld like approach to describe the cortinu-
ous quantum phasetransition driven by local singlet formation. To that end
we study the HAFM on the CaVO lattice having two non-equivalent NN
bonds J and J° seeFig. 10. The uncorrelated mean-eld state for Neel
LRO is the two-sublattice Neel state | wmg, i = j"ij #ij "ij #ij "ij #i:::
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and for the dimerized singlet state it is the rotationally invariant product
aate of local singlets of the t\go_ spins belonging to a J° bond j wf,i =

i 950 fi "ilj #i j#ij "jig= 2; wherei is a site in the sublattice A and
j asitein sublattice B. In orderto describe the transition betweenboth states,
we consideran uncorrelated product state interpolating betweenj mg,i and
j mE,i of the form [27,147

Y 1
j me()i= P f i AT A g (15)
fiij 950
Wehave] ue(t=0)i = mr,i andj me(t = 1)i = j mg,i. The minimal
value of the energyis given by
Eme _ hmriHi mei _ %Z (23 392 30 2 (16)
N N 3 JO0> 23

Furthermore, it is found that the sublattice magnetization m? hasthe follow-
ing form

Lp

. . . 2 J9%23+J Jo 23
m*=h mrjSHhal Mri = 83 ( A )

JO> 27 (17

Note that m? vanishesat a critical point J0 = 2J, and that the critical in-
dex is the mean- eld index 1=2 (seeFig. 23b). Using the relation between
the variational parametert and &he sublattice magnetization m* we nd the

relation Eyr =N = 2J° 130 1 4(m2)®> J (m?)? showing the typ-
ical behavior of a second-ordertransition, seeFig. 23a. We can expand Ey ¢
up to the fourth order in m? near the critical point and nd a Landau—type
expression,givenby Evr=N = 330+ 139 23) (m?)® + 13° (m?)".

Although this mean- eld like description givessomequalitativ einsight into
the physics of the quantum phasetransition for the CaVO lattice more elabo-
rated investigations[48, 64,66, 70] shav that the quantum phasetransition to
arotationally invariant gapped dimerized GS phasetakesplaceat J%=J 1.7
and to the plaquette singlet GS phaseat J°%=J  0:9. The critical exponerts
of quantum phasetransitions driven by the competition of non-equivalent NN
bondsin 2D quantum HAFMs are not the mean eld exponerts but those of
the three-dimensional classicalHeiserberg model [70,143.

Another interesting example for quantum phase transitions in spin sys-
tems appearsin the Shastry-Sutherland model, i.e. the J; J, HAFM on the
SrCuBO lattice (T6). We will usein this sectionthe Shastry-Sutherland rep-
reseration (frustrated squarelattice, seeFig. 16a, lower part). The classical
GS of this model has two phases:The collinear Neel phasefor J, J; and a
spiral phasefor J, > J; (cf. Fig. 1 in Ref. [94]). The transition betweenthe
two classicalphasesis of secondorder.

For J, Ji the physicsof the quantum model is similar to that of the clas-
sical model, i.e., we have semi-classicalNeel order (seesection 4.2). Howeer,
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Fig. 24. Spin-spin correlation and square of sublattice magnetization (order param-
eter) scaledby their valuesfor the squarelattice (J> = 0) for the Shastry-Sutherland
model (N = 32).

the quantum model exhibits new features for stronger frustration J, > J;.
Firstly, one nds that the collinear Neelphasein the quantum model can sur-
vive into the region where classically it is already unstable [94, 99, 104, 102.
This e ect is known as order from disorder [144, 145 and is widely obsened
in quantum spin systems(see,e.g.[27,55,110).

Secondly one knows already from Shastry and Sutherland [93] that for
large enoughJ, the qua@tum GS is a rotationally inv&r_iant product state of
local pair singletsj i = " gaz[j “ij #i; j#i "ij]I= 2 (so-calledorthog-
onal dimer state), wherei and j correspond to those sites which cover the J,
bonds. This orthogonal dimer phasesetsin at around J§  (1:45:::1:48)J;
[96,95,97,99,102 104. The nature of the transition to the dimer phaseis still
a matter of discussion,although there are argumerts that the transition is
probably of rst order [94,99]. In the region 1:2J; . J, . 1:45J; the main
challenging question is whether the systemhasan intermediate phase.Candi-
datesare quantum spiral phasesor more favorable a plaguette RVB like phase.
Despite numerous investigations, a de nite picture concerningthe existence
and nature of an intermediate phasehas not yet emerged.

We illustrate sudh behavior discussedabove by nite-lattice results (N =
32) for the spin-spin correlation along the NN J; bond, along the diagonal
J, bond and for the largest separation R = 4 available in the nite N = 32
Shastry-Sutherlandlattice aswell asfor the squareof sublattice magnetization
m? (cf. eq. (6)) shawn in Fig. 24. We have scaledthe correlation functions
and the sublattice magnetization by their corresponding valuesfor the square
lattice (J, = 0) for better comparison. The small changesin the correlation
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functions and the sublattice magnetization are in agreemet with the survival
of the collinear Neel ordering up to about J,  1:2J;. Beyond J,  1:2J;
the correlation functions change drastically up to J, = 1:4785);, where for
N = 32 the rotationally invariant orthogonal dimer state becomesthe GS.
At this point the correlation functions and the sublattice magnetization jump
to their values of the orthogonal dimer state. The behavior in the region
1:23; . J, < 1:4785]; precedingthe transition to the orthogonal dimer state
seemsto be in accordancewith the existenceof an intermediate phase.

6 Magnetization pro cess

In this nal sectionwe discussthe e ect of a uniform external magnetic eld

onthe modelsdiscussedsofar. Onceasmall but nite magnetization is created
by the external eld, spinscan no longer align completely antiparallel in the
classicalground state even for a bipartite lattice. Sincethis is similar to the
e ect of geometricfrustration, onecanregardthe magnetic eld asintroducing
or enhancingfrustration. One may therefore expectthat a strong external eld

can induce further interesting quantum e ects. In particular, we will discuss
the quantum phenomenawhich are sketched in Fig. 25:

(a) Plateaux have a xed magnetization m in a region of the applied magnetic
eld h. Note that a plateau with magnetization m = 0 correspondsto a
spin gap at zeromagnetic eld h = 0.

On a plateau, the magnetization m typically assumesa (simple) rational
fraction of its saturation value.

(b) Also someexamplesof jumps assaiated with a special degeneracyin the
spectrum will be discussedin section 6.4.

Speci cally we considerthe Heiserberg antiferromagnet (1) in a uniform
external magnetic eld h
X X
H = Jij Si Sj h SiZZ (18)

<ij > i

In the following we will focus on the zero-temperature magnetization pro-
cessof the Heiserberg antiferromagnet (18) on the 11 Archimedeanand some
related lattices. Somefurther aspects of two-dimensionals = 1=2 antiferro-
magnetsin an external eld have beensummarizede.g.in [12, 146].

In the presert context it will sometimesbe useful to allow for general
length s of the local spin. One can also introduce an X X Z anisotropy as a
prefactor | multiplying the z-z interaction term in (1). Note that a magnetic
eld h 6 0 already breaksthe symmetry from SU(2) down to U(1) such that
in cortrast to the caseh = 0, there is no reasonfor the Heiserberg point

| = 1to be special. We will neverthelessconcerirate mainly ons = 1=2 and
| = 1.
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Fig. 25. Schematic magnetization curve illustrating someplateaux (a) and a jump
below saturation (b).

An important obsenable is the magnetization

m = 1% S? (29)
SsN T

which we normalize to saturation value m = 1 (recall that N is the total
number of spinsin the system). The magnetization (19) is a consenedquartit y
for the Hamiltonian (18): [H; m] = 0. One can therefore replacethe operator
(19 by its expectation value and by slight abuseof notation we will usethe
same symbol for both. The consenation of m is also technically useful for
computing the magnetization curve since one can relate energieswith a eld
E (h) to the energiesE (S%;h = 0) for xed total SZath=10

E(h)= E(S>;h=0) hS?: (20)

This implies that the GS energiesin the sectorsS* and S* + 1 crossat the
magnetic eld
h=E(S*+ 1h=0) E(S*;h=0) (21)

i.e. at this value of h the magnetization increasesby 1=sN . The ground states
with a given total spin S typically carry the maximal possible S* and hence
S = S? holds for them. In sudch a situation, E(S%;h = 0) = E(S) of the
preceding sectionsand (21) implies that the h(m) curve is obtained by (dis-
crete) di erentiation of the E(S) curve at h = 0 with respectto S m. In
particular, if there is a regime with a quadratic dependenceof E on S like in
(10), the magnetization curve m(h) becomeslinear in this regime.

If E(S) has a downward cusp, one obtains two dierent elds h; and h,
when approading the assciated value of m from below and above, respec-
tively, and one nds a plateau in m(h). In one dimension, the appearanceof
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plateaux is governed by the following quantization condition on the magneti-
zation m [147] (seealso[14€] for a more detailed discussion)

sV@ m)22z: (22)

HereV is the number of spinsin a translational unit cell of the ground state
(i.e. the lowest state for a given m) which can be larger than (hamely an
integer multiple of) the unit cell of the Hamiltonian if translational symmetry
is spontaneously broken.

In two dimensions,there is no proof yet that the condition (22) is a neces-
sary one. Nevertheless,the condition (22) should apply to those caseswhere
plateau states are ordered (e.g. valencebond crystals) and it is therefore at
least a useful guide alsoin two dimensions.

Fig. 26 shows results for magnetization curvesof all 11 Archimedeanlat-
tices. With one exception, all these curves have been computed for nite
lattices with N = 36 sites. Sincefor s = 1=2 only the discrete values S* = 0,
1, :::, N=2 are allowed for a given N, one nds step-like curveson a nite
lattice. The task is then to determine which parts of these curveswill become
smooth in the thermodynamic limit N ! 1 or whereanomalieslike plateaux
or jumps remain in this limit.

Clearly, the behavior in a magnetic eld is even richer than the h = 0
properties and we will therefore not aim at a complete analysis. Before we
proceed with a discussion of some selected aspects, we would like to add
someremarks on two tilings that we will not discussfurther. Firstly, on the
trellis lattice (T5) the ground statesin a magnetic eld carry incommensurate
momerta. They correspond in the x-direction to the twist angle , discussed
in section4.2 (although for m < 1 the GS momena in a quantum systemare
in generaldi erent from the classicaltwist angle). Sinceirrational momerta
are not realizedfor any nite lattice, one obtains additional nite-size e ects.
However, we have chedked that thesee ects are su cien tly small for the N =
36 lattice which we have used to render the result in Fig. 26 qualitativ ely
represerativ e.

Secondly the ground state on the CaVO lattice (T11) hasa unit cell with
8 spins (seesection4.1). Sincethis doesnot t on a lattice with N = 36 sites,
oneobseneslarge nite-size artifacts in this case.In fact, the CaVvO lattice is
the only oneamongthe 11 Archimedeanlattices where no good magnetization
curve can be obtained for N = 36. For completeness,we neverthelessshow
this result asthe dotted curvein Fig. 26, but we alsoshow a curvefor N = 32
(full line) which should be consideredas represenativ e.

In the following three sectionswe discussthe tilings T2 (square), T1 (tri-
angular) and T8 (kagome) in more detalil.

6.1 Square lattice

Let us start with a brief discussionof the magnetization processof the square
lattice which is well understood and probably represenativ e for the non-
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26. Magnetization curves of the s = 1=2 Heiserberg antiferromagnet with

J = 1 on all 11 Archimedean tilings. Results are for N = 36 sites except for the
tiling T11 (CaVO) where the full curve shows a result for N = 32 which should be
more represerativ e than N = 36 (shown as the dashed curve). For further details
compare the text.
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Fig. 27. Magnetization curve of the s = 1=2 Heiserberg antiferromagnet on the
square lattice. The thin solid line is for N = 40 sites, the full bold line is an ex-
trap olation to the thermodynamic limit. A second-orderspin-wave result [151] (bold
dashedline) and QMC results (diamonds) are also shown.

frustrated Archimedeantilings. Fig. 27 shows the magnetization curve of the
s = 1=2 square-lattice Heiserberg antiferromagnet obtained by dierent ap-
proaches. Firstly, the thin full line shows the result obtained by exact diago-
nalization for a nite lattice with N = 40 sites[148 (seealso[149,150,88] for
earlier exact diagonalization studies). The full bold line denotesan extrap-
olation of the exact diagonalization data to the thermodynamic limit which
is obtained by connecting the midpoints of the nite-size stepsat the largest
available system size. One obsenes a smooth magnetization curve with no
peculiar features (in particular no plateaux) for jmj < 1. Note that closeto
saturation the extrapolated curve includes data at large system sizes,which
are not shown explicitly in Fig. 27 (the curve is based exclusively on nite
lattices with at least8 8 sitesfor m  0:84375). The high- eld part of the
magnetization curve is therefore particularly well cortrolled by exact diago-
nalization.

The magnetization curve of a classicalHeiserberg antiferromagnet would
bejust a straight line for all elds up to saturation. Hence,the curvature of the
magnetization curve Fig. 27 is dueto quantum e ects. Thesequantum e ects
can alsobe studied by spin-wave theory; a second-orderspin-wave result [15]]
is shown by the bold dashedline in Fig. 27.

Finally, the magnetization processof the squarelattice can alsobe studied
by quantum Monte Carlo (QMC) sincethis lattice is not frustrated, We have
generated somevalues of m(h) on a 64 64 lattice (typically at T = J=50
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which we have loweredto T = J=200upon approading saturation) using the
ALPS stochastic-series-expansiomQMC application [152 153. These results
are shown by the diamondsin Fig. 27 (statistical errors are much smaller than
the size of the symbols) and agreewith available stochastic-series-expansion
QMC results [154.

The quartitativ e di erences of the results of all three approachesare small,
i.e., eath approach yields a good description of the s = 1=2 HAFM on the
square lattice. As the spin-wave approad [15]] is basedon a Neel state, we
may therefore concludethat Neelorder prevails in the transversecomponerns
for jmj < 1 (seealso [15Q for a discussionfrom the point of view of exact
diagonalization).

The same picture is probably also valid for the other bipartite non-
frustrated tilings, namely T3 (honeyconb), T10 (SHD) and T11 (CaVvO0). All
theselattices are believedto be Neelorderedat h = 0 (seesection4.4). Upon
application of a magnetic eld, the Neelvector rst turns perpendicular to the
eld and then the sublattice magnetizations are smoothly tilted towards the
eld direction until full polarization is reached. At least the numerical results
for the magnetization curvesshown in Fig. 26 for the lattices T3 (honeyconb
{ seealso [88] for further details and numerical data), T10 (SHD) and T11
(CaVvO) are consistert with a smooth magnetization curve.

From an experimental point of view, oneneedsa su cien tly small exchange
constart J to renderthe saturation eld acccessiblén alaboratory. Successful
synthesis and measuremeh of the magnetization processof suitable s = 1=2
squarelattice antiferromagnets have beenreported in [54)].

6.2 Triangular lattice

The s = 1=2 X X Z model on the triangular lattice is amongthe rst models
whosemagnetization processwvasstudied by exact diagonalization [155. These
early studies already found a plateau with m = 1=3, at least for Ising-like
anisotropies | > 1. Due to the restriction to at most 21 sites, it was rst not
completely clear whether the plateau persistsin the isotropic regime | 1.
The magnetization processof the Heiserberg antiferromagnet ( | = 1) was
analyzed further using spin-wave theory [156]. This study provided evidence
that the m = 1=3 plateau existsalsoat | = 1 and estimatesfor its bound-
aries were obtained.

Fig. 28 shows the magnetization curvesobtained by exact diagonalization
for the s = 1=2 Heiserberg antiferromagnet on nite lattices with N = 36
and 39 sites (thin lines). There are small quartitativ e di erences of the N =
36 curve with exact diagonalization results preseried previously [88, 37,146
whoseorigin is discussedn [148. Both curvesin Fig. 28 exhibit a clear plateau
at m = 1=3 in an otherwise smooth magnetization curve. The spin-wave
results for the magnetic elds at the lower h; = 3(s 0:084)J = 1:248J
and the upper boundaries h, = 3(s + 0:215)J = 2:145J of the m = 1=3
plateau [156] are smaller by about 0:13] (lower boundary) and 0:01J (upper
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Fig. 28. Magnetization curve of the s = 1=2 Heiserberg antiferromagnet on the
triangular lattice. The thin dashed and solid lines are for N = 36 and 39 sites,
respectively. The bold line is an extrapolation to the thermodynamic limit.

boundary) than the exact diagonalization results preseried here for N = 39
and s = 1=2.

The full bold line in Fig. 28 denotesan extrapolation of the exact diagonal-
ization data to the thermodynamic limit which is obtained by connectingthe
midpoints of the nite-size stepsat the largest available system size (except
for the boundariesof the m = 1=3 plateau where cornerswere used). Closeto
saturation this includes again bigger systemsizesthan those explicitly shown

in Fig. 28.

The state of the m = 1=3 plateau can be easily understood in the Ising
limit 1 [87,88]. Quantum uctuations are completely suppressedin
the limit , ! 1 and the m = 1=3 state is a classical state where all

spins on two of the three sublattices of the triangular lattice point up and
all spins on the third sublattice point down. This state corresponds to an
ordered collinear spin con guration. It is threefold degenerateand breaksthe
translational symmetry. One can then use perturbation theory in 1= | to
study the m = 1=3 plateau of the X XZ model [88]. However, the current
best estimate of the point .. where the m = 1=3 plateau disappears is
obtained from a numerical computation of the overlap of the Ising states and
the m = 1=3 wave function of the full XX Z model with s = 1=2: | =
0:76 0:03 [148. This meansthat the m = 1=3 plateau states of the Ising
antiferromagnet and the Heiserberg antiferromagnet on the triangular lattice
are qualitativ ely the same.
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Fig. 29. Magnetization curvesof the s = 1=2 Heiserberg antiferromagnet on the
kagome lattice with N = 27, 36 (complete), 45 and 54 (partial). The inset shows a
magni ed version of the region around m = 7=9.

In the absenceof a magnetic eld, order persistsin the Heiserberg anti-
ferromagnet on the triangular lattice despite the geometric frustration (see
section 4.2). We have now seenthat the magnetic eld enhancesthe frustra-
tion su cien tly in the Heiserberg antiferromagnet on the triangular lattice to
open a spin gap and thus a plateau at m = 1=3.

Among the other magnetization curves shown in Fig. 26, the one of the
bounce lattice (T7) looks most similar to the one of the triangular lattice.
Indeed, also the tiling T7 consistsof triangles and one may expect that also
here an up-up-down spin structure on ead triangle givesrise to an m = 1=3
plateau. However, the covering of the complete lattice with up-up-down trian-
glesis not unique for the bounce lattice, indicating at least somedi erences
in the magnetization processof the triangular and bouncelattices.

6.3 Kagom e lattice

Among the Archimedeanlattices, the kagome (T8) and star (T9) lattices are
characterized by the combination of strong frustration and low coordination
number. As discussedn sections4.3 and 4.4, we believe that they give rise to
a quantum paramagnetic ground state at h = 0. The N = 36 magnetization
curvesin Fig. 26 indicate that thesetwo lattices are presumably also those
with the most complicated and rich magnetization processesamong all 11
Archimedean lattices. Here we summarize the current understanding of the
magnetization processof the s = 1=2 kagome lattice and leave a detailed
investigation of the star lattice to the future.
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Fig. 30. Part of the kagome lattice with a p§ p§ superstructure indicated by
the circles in certain hexagons. Arrows indicate spins which are aligned with the
magnetic eld.
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Fig. 29 shows complete magnetization curvesfor the kagome lattice with
N = 27 and 36 sites as well as the high-eld part of N = 45 and 54 curves
[157,148 158. Firstly, there should be a plateau at m = 0 assciated to the
small spin gap above the quantum paramagnetic ground state. Howewer, this
is dicult to recognizein Fig. 29.

A plateau at m = 1=3 may be better recognizedin Fig. 29. In fact, the
presenceof this plateau at m = 1=3 in the s = 1=2 Heiserberg antiferro-
magnet on the kagome lattice has beenestablishedpreviously by considering
also systemsizesdi erent from those showvn in Fig. 29 [157,159. The state of
this plateau is, however, quite non-trivial. For the classicalHeiserberg anti-
ferromagnetat m = 1=3, thermal uctuations selectcollinear states, but due
to the huge degeneracyof these states, there appearsto be no real order on
the classicallevel at m = 1=3 [16(] (seealso [161]). For s = 1=2, it is useful
to considerthe X X Z model. In the Ising limit | ! 1 onecanthen rst
establish[162] a relation to a quantum dimer model on the honeyconb lattice
which mg@arqygd [163 164 to giveriseto a valencebond crystal ground state
with a3 3 order. Fig. 30 shows a qualitativ e picture of this state. In
the presert context the circles indicate resonancedbetweenthe two di erent
Neel states on the surrounding hexagon. The next step is to compute the
overlap of the m = 1=3 wave function of the X X Z model with that of the
quantum dimer model as a function of | and one nds no evidencefor a
phasetransition for | 1 [162. This implies that alsothe m = 1=3 state
of the s = 1=2 Heiserberg antiferromagnet on the kagome lattice is an or-
dered state with featuressimilar to the valencebond crystal. There are many
low-lying non-magnetic excitations above the lowestm = 1=3 state which can
be consideredas a remnart of the classicaldegeneracy However, the valence-
bond-crystal-type order implies just three degeneratem = 1=3 ground states
related by translational symmetry (seeFig. 30 for illustration) and a gap to
all excitations above this three-fold degenerateground state. Note that for the
s = 1=2 Heiserberg antiferromagnet on the kagome lattice this non-magnetic
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Fig. 31. The three branches! i(k) of one-magnon excitations above the ferromag-
netic background for the kagome lattice along the path in the Brillouin zone shown
in the inset. Note that ! o(k) is completely independert of k.

gap in the m = 1=3 sector turns out to be quite small (estimates are of the
order of J=25[162).

There may be a further plateau at m = 5=9 in Fig. 29 although it is
dicult to draw unambiguous conclusionsfrom the available numerical data
in this region of magnetization values.

Finally, one can seea pronounced jump of height m = 2=9 just below
saturation and a plateau at m = 7=9in the magnetization curve of the s = 1=2
kagome lattice. Both features will be discussedin more detail in the next
section.

6.4 Indep endent magnons and macroscopic magnetization jumps

For the s = 1=2 Heiserberg model on a given two-dimensional lattice it is a
very rare evert that one can write down the ground state exactly. One such
exceptional caseis the dimerized ground state arising in the two-dimensional
Shastry-Sutherland model [93] (seesection5). It is therefore remarkable that
in the high- eld region of somepopular frustrated lattices such asthe kagome
lattice one can construct a macroscopicnumber of exact ground states. We
will discusssome aspects of the construction in more detail in this section,
focusingin particular on the kagome lattice. Note that similar constructions
can be given for other lattices [158 165 and nite clusters [166 (for other
points of view we also refer to [158 165). We also wish to remark that the
construction of exact eigenstateso be described below works for modelswhere
no non-trivial consenation laws are known. However, it is restricted to the
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transition to saturation, since, as will becomeclear in the following, it relies
on the knowledgeof a referencestate (namely the ferromagnetically polarized
state j" :::"i whichis atrivial eigenstateof the Hamiltonian) and an analytic
determination of the one-magnonexcitations above it.

Now let us be more specic and, as the rst step, consider very high
magnetic elds sud that the ground state is the ferromagnetically polarized
state. In highly frustrated spin models, the lowest branch ! o(k) of the one-
magnonexcitations above the ferromagnetically polarized state often hassome
at directions (i.e. does not depend on some of the componerts k;) or is
completely at (i.e. independert of k). In the latter case,one nds a special
type of jump just below the saturation eld aswell asindications for a plateau
below the jump [158 165].

The explicit computation of the one-magnonspectrum above the ferro-
magnetically polarized state dependson the model. For example, the kagome
lattice has a unit cell containing three sites and the spectrum is obtained by
diagonalization of a3 3 matrix. For the spin-s X X Z model one then nds
the three magnon branches! i(k) (i = 0, 1, 2) which are shown in Fig. 31
Remarkably, the lowestbranch ! o(k) = h  (2+ 4 ,)J s is completely at,
i.e. independert of k. This property is a ngerprin t of the strong frustration
causedby the triangles in the kagome lattice. In fact, the lowest magnon
branch relative to the ferromagnetically polarized state is also completely at
for someother popular highly frustrated lattices including the pyrochlore lat-
tice and its two-dimensionalprojection, namely the chedkerboard lattice [15§].

The one-magnonexcitations can be localized in the real-spacedirections
corresponding to a at direction in k-spaceby using an inverseFourier trans-
formation. If the dispersion is completely at, one can construct a magnon
excitation that is localized in a nite volume. For the kagome lattice, these
local magnon excitations are located on the hexagonsmarked by circles in
Fig. 30. Apart from normalization, this state is given by

X
jli (1S jr i (23)

X
where the sum runs over the 6 corners of the hexagon. Localization can be
veried since eac spin next to the hexagonis coupled to two spinsin the
hexagonsud that cortributions of ipp ed spinspropagating onto the exterior
site add with di erent signsand thus cancel. Therefore, a localized magnon

is an exact eigenstateof the X X Z Hamiltonian on the kagome lattice.

Now one can create further localized magnon excitations. As long as the
local magnonsare su cien tly well separatedin space,they do not interact
and consequetly the many-magnon state is still an exact eigenstate. The
non-trivial step is to verify that these non-interacting localized magnon exci-
tations are not only eigenstatesbut in fact ground statesin their respective
magnetization subspaces.This result is probably true for general s, general
coupling geometrieswith Ji;  0and X X Z anisotropy | 0. In [15§ the
ground state property wasveri ed numerically for somecasesand it hasbeen
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shown rigorously for certain subsetsof the parameters, namely for s = 1=2,
i Oandall coupling constarts Ji; equal[16§ or for generalsand J;; O,
but isotropic interaction | = 1[167).

If the localization regionis nite, a macroscopicfraction of the spinsin the
system can be ipp ed using local magnon excitations. Since the energiesof
the individual excitations add without interaction terms, one obtains a nite
interval of the magnetization m wherethe ground state energyE (m) becomes
alinear function. Due to the relation (21), this linear behavior leadsto a nite
jump in the magnetization curve m(h) at the saturation eld hgy.

Inspection of Fig. 30 shaws that at most N=9 local magnonst ona nite
kagone lattice. Therefore, a jump of height m = 1=(9s) is predicted for the
kagome lattice. For the s = 1=2 Heiserberg antiferromagnet on the kagome
lattice one indeed obsenesnumerically a jump of height m = 2=9 which is
independert of the systemsizeif boundary conditions are chosenappropriately
(seeFig. 29). Note that the height of the jump is in generalproportional to
1=s and vanishesin the classicallimit s! 1 . Therefore, the macroscopic
jump causedby independent local magnonsis a true macroscopicquantum
e ect.

The maximal number of local excitations is obtained for their closestpos-
sible packing. The circles in Fig. 30 indicate this state for the kagome lat-
tice. This clearly is an ordered (crystalline) state. According to generalargu-
mernts [98, 168, one expects a gap above sud a crystalline state and conse-
quertly a plateau in the magnetization curve at the foot of the jump. This
conclusionis supported by the numerical magnetization curve of the s = 1=2
Heiserberg antiferromagnet on the kagome lattice, Fig. 29, which exhibits a
clear plateau at m = 7=9 with a width around 0:07J [169.

The excitation energy of a local magnon is exactly zero at the saturation
eld hga. Hence,all independert magnonstatesare exactly degenerateat h =
hsat- The number of thesestatesgrows exponertially with N . This canbe seen
by considering the subset of states where magnonssit only on the positions
of the crystalline state. Sincethe number of such positions is proportional to
N and ead position can be empty or occupied by a magnon, one nds an
exponertially growing lower bound on the number of independert magnon
states (this lower bound is 2V =° for the kagome lattice). In other words, the
local magnon excitations give rise to a nite zero-temperature ertropy at
h = hgy for a quantum spin system!

The star lattice (T9) is the other Archimedeantiling which supports local
magnonexcitations. In this case the magnonsarelocalizedaround dodecagons
as shown by the circlesin the inset of Fig. 32 The adjacert triangles again
ensurelocalization via destructive interference of hopping processesut of a
dodecagon.One canreado from the inset of Fig. 32that a nite star lattice
canin generalaccomalate at most N=18 local magnons.This implies a jump
of height m = 1=(18s) below saturation with a plateauat m =1 1=(18s)
corresponding to the crystalline pattern of local magnon excitations sketched
in the inset of Fig. 32. The main panel of Fig. 32 shows that a jump of the
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Fig. 32. High-eld part of the magnetization curves of the s = 1=2 Heiserberg
antiferromagnet on the star lattice (T9) with N = 54 (dashed line) and N = 72
sites (solid line). The inset indicates the closestpacking of local magnon excitations.

expected height m = 1=9 is indeed presert in the magnetization curves of
the s = 1=2 model on lattices with N = 54 and 72. Note that the N = 36
lattice whosemagnetization curve is shown in Fig. 26 is not generic, but an
exception from the point of view of local magnons. Due to its small linear
extent, it has more and shorter cycleswrapping around the boundary than

presert in the in nite system, namely of length eight while the dodecadons
yield cycleswith length twelve. This N = 36 lattice then supports not only
two but three local magnonsand therefore the jump is higher than in the

generic situation. Note further that a plateau is expected below this jump,

i.e.at m = 8=9 for s = 1=2. However, the N = 54 and 72 curvesin Fig. 32do
not allow an unambiguous con rmation of the presenceof such a plateau.

The chederboard and a square-lagome lattice are further two-dimensional
lattices supporting local magnon excitations [158 169. On the chederboard
lattice, a magnon is localized around a square. This leadsto a jump of size

m = 1=(8s), asone can verify numerically for s = 1=2 [165].

We would like to mertion in passingthat there are instabilities towards
lattice deformations. Howewer, it can be arguedthat the most favorable insta-
bilit y is onewhich presenesthe local magnon excitations as exact eigenstates
and the assciated degeneracy[169.

A related but di erent situation arisesin two dimensionsif the minima of
the one-magnonexcitations form a one-dimensionalmanifold. One example
is the two-dimensional Shastry-Sutherland lattice [17(0 whose magnetization
processwill be discussedin the next section, another one is the frustrated
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square lattice mertioned in section5 at J, = J1=2 [171,172. In this case,
magnon excitations can be constructed [158 14§ that are localized in some
directions, but not all. The frustrated squarelattice can accommalate L=2 lo-
cal magnonexcitations [158 144 if the linear extent of the lattice is L, leading
to a nite-size jump m = L=(2N s). A nite-size jump of height m = L=N

is indeed obsened in exact diagonalization studies of the s = 1=2 frustrated

square lattice at J, = J1=2 [172 146]. However, due to the incomplete lo-
calization, the height of the jump vanishesin the thermodynamic limit, i.e.
the transition to saturation remains cortinuousin sud a case.Although the
magnetization curve should be exceptionally steepjust below saturation, the
preciseasymptotic form hasbeendiscussedcontroversially [150172 158]. A re-
cent diagrammatic analysisof the condensationproblem into the one-magnon
dispersion yields a square-raot dependencewith a logarithmic correction for
the frustrated squarelattice at J, = J;=2[173.

6.5 Shastry-Sutherland  model versus SrCu > (BO 3)»

For the purpose of high- eld magnetization experiments one does not only
needmaterials which realize a given lattice structure, but in addition J must
be small in order to be able to achieve full or at least a macroscopicpolar-
ization of the samplein (pulsed) magnetization experiments. SrCu,(BO3); is
an s = 1=2 material whoselattice structure correspondsto the tiling T6 and
wherethe exchangeconstarts are su cien tly small to closethe spin gap by an
external magnetic eld and study the material at nite magnetizationsin a
laboratory. The magnetization processof SrCu;(BO3), has attracted consid-
erable attention becauseplateaux are obsened in the magnetization curve!!
at m = 1=8, 1=4 and 1=3[5,174,175 17€ (seeFig. 33).

By corntrast, the tiling T6 at J = J; = J, has a smooth magnetization
curve (seeFig. 26), hencewe needto considerthe Shastry-Sutherland model
with J; 6 J,. The theoretical analysis of the magnetization processof the
two-dimensional Shastry-Sutherland model [93] has beensummarizedin [105
{ here we discussonly someselectedaspects.

For J, ! 0, the Shastry-Sutherland model reducesto the square lattice
antiferromagnet which is Neel ordered in the transverse componerts for all
magnetic elds (seesection 6.1). As discussedin section 5, this Neel phase
extendsbeyond J, = J; for m = 0. For m ! 1, Neelorder in the transverse
componerts is stablefor J,  J; [170. Wehave performeda nite-size analysis
of the widths of the m = 1=8, 1=4, 1=3 and 1=2 stepsand found no indications
for plateaux in the thermodynamic limit for J, = J;. These considerations
indicate the absenceof quantum phasetransitions betweenJ, = OandJ, = J;
for any value of the eld h sudh that Neelorder persistsfor the tiling T6 with
J, = J; at all magnetic elds.

11 Magnetization experiments are controlled by a material-dependert and
anisotropic g-factor. The s = 1=2 spins in SrCu»(BO3). are localized on Cu?* -
ions, henceg 2 { seee.g.[174] for more details.
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Fig. 33. Magnetization curvesof a SrCu,(BO3), single crystal scaledby g = 2:28
for h k cand g = 2:05 for h ? ¢ [174]. Also shown are magnetization curves of the
s = 1=2 Heiserberg antiferromagnet on N = 32 and 36 Shastry-Sutherland lattices
for J, = 57T, J1 = 0:6J>.

This is oneindication that SrCu,(BO3), should be described by J, > J;
sincese\eral plateaux are obsenedin its magnetization curve Fig. 33, namely
at m = 0, 1=8, 1=4 and 1=3 [5,174,175176. In this regime, one can perform
perturbation expansionsaround the limit of decoupleddimers J; = 0 and
indeed perturbation theory plays a certral role in the theoretical approaches
[177,98,170,178 179. Plateaux at m = 0, 1=2, 1=3 and 1=4 then arise in
zeroth, rst, secondand fourth order perturbation theory in J;, as hasbeen
clearly pointed out in [179.

For a direct comparisonwith the Shastry-Sutherland model, we adopt the
estimatesJ; 0:6J, and J, 70 75K obtained by analyzing inelastic
neutron scattering data [180, 181, 187 or the speci ¢ heat in a magnetic eld
[176. The magnetization curvesfor the Shastry-Sutherland model shown in
Fig. 33 were computed by choosing rst J; = 0:6J, and then setting the
overall scaleto J, = 57T ( 77K with g= 2). The m = 1=8 and 1=4 plateaux
(presert only for N = 32in Fig. 33), the m = 1=3 plateau (presert only for
N = 36in Fig. 33) and the m = 0 plateau agreeroughly with the experimental
results [174. We have also performed computations for the value J; = 0:68J>
proposedin [174 and have found lessgood agreemet.

Only the regionwith m  1=3 hassofar beenaccessedvith magnetization
experiments on SrCu,(BO3),. Hence,the magnetization curvesfor the N = 32
and N = 36 Shastry-Sutherland lattices are also restricted to m 1=3in
Fig. 33. Fig. 34 shaws the corresponding complete magnetization curves for
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08

04

0.2

Fig. 34. Magnetization curve of the s = 1=2 Heiserberg antiferromagnet on the
Shastry-Sutherland lattice for J, = 1, J; = 0:6. The dashed and solid lines are for
N = 32and N = 36 sites, respectively. The diamonds denote the exact value of the
saturation eld at m = 1 [170] and a seriesexpansion result for the gapto S =1
excitations at m = 0 [18(], respectively.

J, = 0:6J;. Note that we have chosenan N = 32 lattice which is compatible
with the structure of the m = 1=8 plateau in SrCu,(BO3), as determined
by NMR [179. For both nite lattices, the saturation eld agreeswell with
the analytical result [170 showvn by one of the diamondsin Fig. 34. Also the
boundary of the m = 0 plateau is in good agreemen with the spin gap (i.e.
the gapto S = 1 excitations) computed by expansionaround the dimer limit
J; = 0[18Q (comparethe seconddiamond in Fig. 34).

As on other lattices, it is more di cult to draw unambiguous conclusions
from nite-size data for intermediate valuesof m. One complication which the
Shastry-Sutherland model shareswith the trellis lattice are incommensurate
ground states arising from the spiral phasefor J; < J, in the classicalmodel
(seesection5). A more generalaspectis that given magnetizationsare realized
only for a limited number of sizesN . For example, lattices with N = 32 and
36 shareonly m = 1=2 in addition to m = 0 and 1. Even for m = 1=2
nite-size e ects are still important in Fig. 34 although the presenceof a
plateau at m = 1=2 is well establishedin the Shastry-Sutherland model (see
above and [105). m = 1=8 is realized only for N = 16 apart from N = 32.
From thesetwo lattice sizesone may estimate a plateau width . J,=10 for
the Shastry-Sutherland model at J; = 0:6J,, but the evidencein favor of a
plateau at m = 1=8 is not very strong yet although its structure has already
beenanalyzedin detail [175 183.



64 Richter, Schulenburg, and Honecker
6.6 Summary of plateaux & related topics

Let us summarizethe ndings of this section. Firstly, in section 6.1 we have
discussedthe squarelattice which we believe to be represertativ e for the non-
frustrated bipartite tilings T2 (square), T6 (honeyconb), T10 (SHD) and
T11 (CavO). In these cases,Neel order probably persistsin the transverse
componerts for all magnetic elds up to saturation, leadingto a smooth mag-
netization curve. The frustrated tilings T4 (maple leaf), T5 (trellis) and T6
(SrCuBO) may behave similarly. At least their N = 36 magnetization curves
shown in Fig. 26 appear smooth and provide no evidencefor any plateaux or
jumps.

Also the triangular (T1) and bouncelattices (T7) are magnetically ordered
at h = 0. Howewer, in thesetwo casesa plateau appearsat m = 1=3 in the
magnetization curves (see section 6.2). In both cases,the appearanceof a
plateau at m = 1=3 may be attributed to the fact that these lattices are
built from triangles. Nevertheless,the structure of the m = 1=3 state on the
bounce lattice may be di erent from the one of the triangular lattice which
correspondsto a long-range ordered collinear up-up-down spin con guration.

The tilings T8 (kagome) and T9 (star) have the most interesting magneti-
zation curves.According to section4.3, at h = 0the kagomelattice is expected
to have a small spin gap whereasthe star lattice has a large one. This gives
rise to a narrow and pronouncedplateau at m = 0, respectively. Comparison
of results for the s = 1=2 Heiserberg antiferromagnet on the kagome lattice
with dierent sizesN (seesection 6.3) shows that the magnetization curve
has a plateau at m = 1=3. Evidence hasbeenprovided recertly [167 that the
state of this m = 1=3 plateau on the kagome lattice has a structure of the
valence-tond-crystal type. The N = 36 magnetization curve of the star lat-
tice shown in Fig. 26 indicates an m = 1=3 plateau, too. Sincethe lattice T9
also consistsof triangles, it is plausible that this m = 1=3 plateau persistsin
the limit N ! 1 . Further plateaux are suspected on both lattices, including
one at m = 5=9 on the kagome lattice (seesection 6.3) and a similar one at
m = 7=9 on the star lattice (compare Fig. 32) even if the currently available
numerical data do not allow de nite conclusions.

Closeto saturation, exact eigenstatescan be constructed for the strongly
frustrated tilings T8 (kagome) and T9 (star) { seesection 6.4. For general
s they give rise to a jump below saturation of height m = 1=(9s) (T8)
and m = 1=(18s) (T9). Furthermore, a plateau is expected directly below
this jump and such a plateau is indeed obsened in the s = 1=2 Heiserberg
antiferromagnet at m = 7=9 for the kagome lattice (T8) and possibly at
m = 8=9 for the star lattice (T9).

Although there are still open issuesconcerningthe magnetization process
on the 11 Archimedeanlattices, it is already clear that even richer behavior
is found if oneallows di erent exchangeconstarts on non-equivalent bonds or
adds further couplings. Examplesinclude the following:
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The two-dimensional Shastry-Sutherland model has beendiscussedn sec-
tion 6.5. Here plateaux with m = 0, 1=4, 1=3 and 1=2 have been found
and a further oneis expected at m = 1=8. In contrast, its ancestor, the
tiling T6 has a smooth magnetization curve with no particular features
(seeFig. 26).

A similar situation arisesin the CaVO lattice (T11) if one allows for two
di erent excdhangeconstarts J and J%asshown in Fig. 10. It is clearat least
in the limit J°! 0 that plateaux can then arise for m = 0 and 1=2 [77].
Further plateaux with m = 1=4, 3=4 and 1=8 arise in some parameter
regionsif one adds a second-neighor interaction J, [77,98].

Not only the zero- eld properties of the frustrated square lattice have
attracted considerableattention (seesection5), but alsoits magnetization
processhas been studied intensively [149 171, 150,184,172 185, 186, 187,
146,173. In this model, a collinear up-up-up-down state arisesat half the
saturation eld [184,185. For s = 1=2, this state is found to be stabilized in
theregion0:5. J,=J; . 0:66whereit givesriseto a plateau with m = 1=2
[184,172,185146. A further plateau at m = 1=3 is predicted by a Chern-
Simonstheory [187] and might also be obsenable in exact diagonalization
studies although the latter do not allow de nite conclusionsabout the
presenceor absenceof an m = 1=3 plateau yet [14§].

Another variant of the squarelattice is the chederboard lattice, a planar
projection of the pyrochlore lattice. The s = 1=2 chederboard lattice has
a pronounced spin gap at h = 0 [188 128 129, i.e. a plateau at m = 0.
In the limit of decoupledfour-spin units [129 another plateau arises at
m = 1=2. Numerical data for N = 32, 40 [165 and 36 sites support the
presenceof an m = 1=2 plateau also in the chederboard model where
all coupling constarts are equal. The construction of section 6.4 predicts
another plateau at m = 3=4 in the s = 1=2 chederboard model although
here the numerical evidence[169 is lessclear.

One can also add multi-spin interactions. On the triangular lattice, inclu-
sion of four-spin cyclic exchangeterms in the s = 1=2 model givesrise to
an additional plateau at m = 1=2[189,190,130,12]. This m = 1=2 plateau
is already presernt in the classicalmodel where one also nds anm = 1=3
plateau for a suitable choice of parameters[191]. The latter diers from
the m = 1=3 plateau of section 6.2 which arisesonly in the quantum
Heiserberg antiferromagnet on the triangular lattice and is absert in the
classicallimit.

All the aforemenioned plateaux for m 6 O give rise to ordered ground states
(at least in those caseswhere the state of the plateau is sucien tly well
understood). The unit cell of the ground state then has a volume V suc
that the magnetization m satis es the quantization condition (22). Hence,
alsoin two dimensionsthis quantization condition seemsto hold generically.

The transitions to saturation in 9 of the 11 Archimedeanlattices appearto
be continuous quantum phasetransition (seeFig. 26). Generically, the disper-
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sion of the one-magnonexcitations above the ferromagnetically polarized state
should be quadratic closeto their minima. An analysis of the assaiated con-
densation problem then predicts the following universal asymptotic behavior
of the magnetization curve closeto the saturation eld hgy [192 193 194

st 0 bJ (24)

1
J hsat h

wherebis a non-universalconstart. The logarithmic correction in (24) is char-
acteristic for two dimensionsand arisesbecauseof a logarithmic singularity
in the density of states [192. The functional form (24) has beenveri ed by
a rst-order spin-wave approximation for the squarelattice [151] and numer-
ically for the s = 1=2 Heiserberg antiferromagnet on the square, honeyconb
and triangular lattices [88, 14§. We note that a behavior of the form (24)
is expected to be valid at generic cortinuous transitions at plateau bound-
aries in two dimensions[194 (at least in those caseswhere the fundamental
excitations are magnons).

Deviations from (24) are expected if the one-magnondispersion is not
quadratic closeto the minimum which in generalrequires ne-tuning of pa-
rameters. Nevertheless,completely at bands arise in two Archimedean lat-
tices, namley the kagome and star lattices (T8 and T9). In these cases,we
nd a macroscopicjump in the magnetization curve just below saturation as
we have discussedin section 6.4
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